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1 INTRODUCTORY NOTES

Model features unit root shocks to labor-augmenting technology S} and to the inflation
target ;.
To make the model stationary, this requires the following:

— Scaling of real variables, say x;: ; = x,/S;.

— Scaling of nominal variables, say Z;: z; = Z;/ P (P} = target price path).
Rescaling is done throughout this Appendix. We therefore present the unit root processes
first.

Technology Shocks:
— In Levels: ” ”
St = St—lgt
g =g 9"

Ing!" =(1-p,)Ing+p,Ing”, +&"

In géid _ éiz‘d
— Linearized: A agr  niid
9t =G; + g, (D
9" = p,9i-, +El (2)
Inflation Target Shocks:
— In Levels: . .
Ty = T1&
— Linearized:

= e )
Linearization of any variable i, around its steady state z: &; = (&; — )/Z.
All inflation and interest rates are gross rates.

Indices for different heterogeneous agents:
— 1 for households.
— 7 for manufacturing firms.
— 2 for financial intermediaries.



2 HOUSEHOLDS

2.1 Optimization Problem

e Objective Function for Household i:

0o N1+L . 1—¢
Maz EOZﬁt {Sf(l — %)log(Ht(i)) — Sthth(Z) i +1 i . <Mt(1>) } , where

1
=0 1+5
Hi(i) = C(i) — vCi_; (external habit)

p
Tt 1
b1

1 g1\ it 1 A=
Ci(i) = ( / cr(i,j) dj) , P = ( / Pt(j)l‘”tdj)
0 0

e Budget Constraint (multiplier = \(i)/P,):
Bii) + BP() = vy (Biai) + B21(0)) + My (i) — Mi(i)
1

RS

W) L) + /0 (i, j)dj + [ LG, 2)dz — Pri(i)

0
Li(i) — £,)°

—pCifi) - w; Ze LD L)

2 4

e Cost of deviating from “normal” labor supply of other households:

— Quadratic in the % deviation from “normal” labor supply %ﬁ (Ly(i) — £,)% /2.
— Proportional to the aggregate wage bill W, /,.

e Assume complete contingent claims markets for labor income and identical initial en-
dowments of capital, bonds and money. Then all FOC are the same except for labor
supply. Therefore drop subscript 7 except in the wage setting problem. The latter is
dealt with later, after firm and intermediary price setting.

2.2  First-Order Conditions

e FOC for B;:
, A
Ar = 6'LtEt)(\ ;H)

‘ a y
— Rescaled by technology (A = A\:S}) kha by the inflation target (z; = i;/7},
Tl = T/
8 . A
Ay = 5itEt <V$)

D T*
Ty 19t4+1€¢41




— Steady state (7 = /7%):

r=g/p
— Linearization (remember that Eté‘f;l = 0):
A =iy + B, (5\t+1 — 1 — f]t+1> (5
e FOC for C;:
Si—=3) N

t

- Rescaled by technology (H; = ﬁt /SY):
Se(1—2)

5 .
— =)\
H, '
— Steady state:
(1 - 2) 3
H
— Linearization: A R X
Sy —Hy=N (6)
e Habit Ht:
Ht = Ct — I/Ct_l
— Rescaled by technology (C; = C;/S):
S Cy_
Ht = Ct — VUV i1
gt
— Steady state:
_ ~ v
H - C 1 - —
( g)
— Linearization:
R 1 . L R R
thl_th—lfz<CH—gt> (7)
g g

e Wage Setting: See below, after derivation of price setting.



3 CAPITAL GOODS PRODUCERS

e Investment Decision:
— Investment adjustment costs:

_ b1, (Ui/g) — s i
GLt = 9 I I, .

— Optimization problem:

)\ s g o inv
Magg EtEiioﬁS s [Qt+s (Kt+s + It+s> — Qrys Kigs — St+sIt+s - GI,tJrs}

{Tt+s}e2g At

- FOC:

v v v v v 2 v v
; I I — I A1 (ItJrl) <It+1 - It)
= S”w + ~ ~ — E —_— = —_—
%= 5"t o (IH) < I ) o\ 7

— Steady state:

]
Il
—_

— Linearization:
G = ¢ (jt - jt71> — B <jt+1 - jt) + Sfm (8)

e (apital Accumulation:
Kt - (1 — A)Kt—l + -[t

— Rescaled by technology:
. K, 5
Kt:(l—A) tl_"It
Gt
— Steady state:
(G4 A1) -
F_GtA-Dg
g
— Linearization:
_ K /- . .
KRo=(1-8)- (K1 = a0) + Ty ©)



4 ENTREPRENEURS

4.1 Capacity Utilization Decision
e Optimization Problem:

]\{am [wergs — a(ug) ] wikKe—1(7)
e Cost function:

) = 30,00 (W) + 0, (1 = 00) e+ 6, (2 1)
e FOC:
Tkt = ¢aaaut + ¢a (1 - Ua)
e Steady state (u = 1):
Th = O
e Linearization:
ffk,t = 04l (10)

4.2 Real Return to Utilized Capital
e Definition (nominal return Rety,; = E; (rety mt,,)):

U1 Thp1 — a(ug1) + (1 — A) ¢

T@tk7t = Et
qt
e Steady state:
rety =1—A+7
e Linearization:
— 1-A 7L
retyy = ————FEiGiy1 — G + —————Eir 11
kit 1— A+ tqt+1 — Gt 1— A+ tTk t+1 (11)



4.3 Bank’s Zero Profit or Participation Constraint

e Original Constraint:

Wt+1

iBP(j) = (1 = F(@e1)) iBeni BY () + (1 — €041) /O Qi K (j) Rety,pw f (w)dw

1; = non-contingent interest rate paid by bank to depositors.
BP(j) = nominal loan amount.

w1 = cutoff level for next period productivity, below = bankruptcy, above = pay
loan in full. (¢4 is a function of ¢ + 1 shocks.)

ipt+1 = gross nominal rate of interest to be paid in full if w;; is high enough.
(2B ++1 1 a function of ¢ + 1 shocks.)

F(.) = cdf of the log-normal distribution of w, with E(w;) = 1 and Var(w;) = o2.
(1 —¢&,,,) = fraction of project value that the bank can recover in bankruptcy.
Cutoff w41 condition

Rety1111Q:K1(j) = ig1 BE(5)

Balance sheet constraint (/V;(j) = nominal net worth):
QuK(j) = Ni(j) + B ()
Rewritten participation constraint using the foregoing:
W41
|:(]_ — F((Dt—i—l)) CDt+1 + (1 - §t+1) / wf(w)dw} R@tkiQth(j)
0
= 4QK(j) — iN:(j)

e Definitions:

Nominal capital earnings: Rety 1. K;(j)
Lender’s gross share in capital earnings:

(e o]

Wt41
(W) = / Wig1 f(wig1)dwipr + @i f(wig1)dwiyq
0

Wi41

Lender’s monitoring costs share in capital earnings:

Wet1
§i01G(011) = ft+1/ Wi f(Wi1)dwig
0

Entrepreneur’s share in capital earnings

1 —T(We1) = / (Wit — Wir1) fwirr)dwia

t+1



o Aggregated Participation Constraint (using the foregoing definitions):

K, rétm
BT M (P (@) — ,G(@,)) +1=0

Note the time subscripts: This has to hold in each state of the world = ex-post.

B Qt—1f(t71
n

Trick to make our timing conventions work:

7“étzﬁ”lél = Tétpi1
~m1 ~
t = Tt-1

— Steady state: L
n:f‘c<1_%t'f(f_g@))

Linearization (superscripts w and o indicate partial derivatives, in steady state,
with respect to these two variables):

K —~ml . ~ £ A~
0 = (% — 1) (Tetk7t - Ty 1) - (th + K1 — nt*1> (12)
K v —EGY__. K 7 —¢Go_,
+(ﬁ—1) e wwt+<_—1) F_eq 07

4.4 Entrepreneur’s Optimal Loan Contract

e Entrepreneur’s Optimization Problem O\ = multiplier of the participation constraint):

Maz B {(1—D(@0e1)) Rety 1 Qe Ko(j)
Ki(j) @41

+XN [(T(@e11) = &1 G(@141)) Ret Qi () — 10Qe K1 (5) + i No(j)] }

— Note the expectations operator: Entrepreneur is risk-neutral and absorbs all aggre-
gate risk.

— Divide through by i; /V;(7), normalize, and replace nominal by real returns:

e T @K ()
K%%fﬂ {(1 F<Wt+1>> ft flt(])

- am th ] th '
+As {(F(wm) — &G (@141)) Teff’ qm (j(g ) _ qm (J(i ) + 1”

— FOC with respect to w;1:

réty ¢ Qth(j) Y réty; tht(j)
T ’ A e  — G ) -0
T () + At ( 1 — S t+1) A )

7



This implies:
3 T

t = w w
Y — &G

e Optimal loan contract (FOC with respect to K;(j)):

Tétkt F;JJFI Tétkt
E(1-T ’ = (Dyg — —1| =
£ 9 ( t+1) 7 o, 6,67, | 7 (Tes1 — £41Gern) 0
— Steady state: _
D)
rety, = =
1-T+ A (F — §G)
— Linearization:
-, 7k fww - i Fww - 7wa N
0 = A (retk,t _ ft) —(1-T) % ( (rw S )) GESu (13)
fk . — . S B Two __ K (Fwa géwa) - R
+— —I"+A(I7-£G%) — (1-1) = 0E10141

4.5 Net Wealth Accumulation

Nominal net wealth accumulation (dzv; = lump-sum dividends to households):

[ ]
Ny = Retk,t—l@t—lf(t—l (1 - fth) - it—lBtD—l — Pidiv,
e Real net wealth accumulation (using the balance sheet identity):
N~ 3 a K_ .
g =t L B el (1 €,Gy) — ) — diny
Gt gt
e Dividends: 5
d'l"Ut =d=* 'th
e Steady state: ~
_ - o
d=Z—1+=[rek (1 -&G) — 7]
g gn
e Linearization:

ng (1 +d) (7 + Ge)
= (n = K) i i+ K (et (1 €G) = 7) (41 + Ko

+R7el (1 - €G) (retyly ) — Krehi (Gmi, + G7o6,) — KrelyGé,



4.6 Closed Forms for I', G and Their Partial Derivatives

4.6.1 Basic Properties of I' and ¢

e Repeat expressions for I' and G for ease of reference:

[e o]

Wet1
[(Wey1) = / Wit f (Weg1)dwigr + @ J(wigr)dwiiq
0

W41

Wet1
G(W1) = / Wepr f (Wig1)dwisa
0

e First derivatives with respect to Wy 1:
IYh =1- F(@)
Gii1 = W1 f(©41)
4.6.2 Basic Properties of the Lognormal Distribution

The assumption is that w; is lognormally distributed with F(w;) = 1 and Var(w;) = o7. This implies the
following:
1 2 2)

In(wy) ~ N(—§ot , 0%

BN S O OO LAY
f(wt) - mwtat exp { 2 ( o )

4.6.3 Derivations A: The Nonlinear System

e We will change integrands at various points in order to obtain solutions that can be
expressed in terms of the cumulative distribution function ® of the standard normal
distribution.

e First define terms:

~ In(@y) + 207 In(we) + 207

=—=2  yy=—2
Ot Ot

_ (@) =307 In(w) — 107

Zt = —-— s yt = -—
Ot 0¢

e Manipulating the second expression in each case gives:
L,
dw; = 0y €xp § Y10y — EUt dy,

- 1 N
dw; = o exp {ytat + 50?} dy,



e Now evaluate the expressions determining I" and G in terms of the c.d.f. ®(.):
— First Component:

[e.o]

> 1 1 (In(wi) + 3074 ) ’
@tt1 f( tH) o At+1 V2TWi10¢41 { 2 < Ot41 i

B oo Ot+1 exp {_}yz } exp {yt+10t+1 - 202 } dyt41
= t41 t+1
Zepr V2TWe101 41 27" 2

0o 1 1 1 , )
Lt+1 V21 Wi o { 2 (i1 + 0% yt+10t+1)} Ye+1

/ - { 1( )2}61
= e ex ——= —0
- \/%wtﬂ p 5 Yt+1 t+1 Yt+1

In(wpsq) — 202 ,)°
exp {—In(wsy1)} exp {— ( ( t+;i_2 2 t+1) } dyii1
t+1

[e.9]

1
Zt+1 V27T
2
_ /°° 1 {—2af+11n<wt+1>—<1n<wt+1>>2—(%afﬂ) +1n<wt>o—%+1}
Zt41

Ay 1
20711

2
© 1 (@) + (303)” + 2m(wip) 302,
eXp§ — 2 A1
20741

) 1 1 ln(wt+1) + %0’%_‘_1 ) 2
= eXp —_—— d
/zt+1 V2m { 2 ( Oti1 Y

© 1

— Second Component:

o0 o 1 1 /In(wier) + 202\
[ wt+1f(wt+1)dwt+1 = —=  €Xp {—5 < ( Hl) : t+1) dwiy

41 @41 V 27T0't+1 O¢4+1

Ott1 1 2 . 1, } N

= ————expq —= +o exp Oi41 + =0 d

- \/%Ut-i-l { 9 (Tt t11) } {ytJrl 1 T 5041 Y+1

= ! exp {—l?ﬁﬂ - lo-t2+1 — Ys410¢41 + Ypy10441 + lgfﬂ} dy41
Za V2T 2 2 2

1

o] { 1., } ) _ i

= expy —50iy1 ¢ Wiyr =1 = @ (Z11) =1 — @ (Z11 — 0441)
/ztﬂ V2T 27t

10



— Summary:
flwipr)dwisr =1 — @ (Z44)

W41

/ Wit f(wig1)dwipr =1 — @ (Z41 — 0441)
W41

— Final set of nonlinear equations:
hl((:]t) + %0'?

Ot
fa) = 1_ exp {—}zf
27th0't
Pt = (Zt - O't) + Wy (1 - (Zt>>
Gt = (Zt - O't>
GY = @i f (wy)

Derivations B: Derivatives for the Linearized System

4.6.4
e Closed Form Expressions for Standard Normal cdf’s:
A 1
b (zy —0oy) = exp{ —=y> v d
( t t) / \/% p{ 2yt} Yt
0
T 1
P(Z)= | —exp —=y2 ¢ d
(Z) [\/ﬁ p{ 2%} Yi

e Auxiliary Relationships:

— Derivatives of I':
* We have the following:

Pt = (Zt - O't) + Wy (1 - (2t>>
[P =1-%(z)
x We take the derivative of the first expression:

+(1—D(2)) — 0@ (%)

“=9o(z—o
= (5 0)
* We equate this to the first expression to obtain:

CI), (Zt — O't) = @t(I)/ (Zt)

11




— Derivatives of GG:

WW .«
o [}

wao .
o ['V9:

o I'7:

o GYv:

ww
Gy =

W Wt |——F7———¢€X —=Z —F %) X —=Z
! ! V 271'(:]150} Wi P 2 ¢ V 27'('(:]150} ! P 2 t WOt

x We have the following:

Gy = (z —0y)
GY = w f ()

* We take the derivative of the first expression:

1

WiOt

G;} = (I>/ (Zt — O't)

x We combine this with the second expression to obtain our final two closed

form relationships for derivatives of standard normal cdf’s:
' (2 — o) = wionf (W)

' (z) = o f (@)

1 1 1
Fww:_q)/ = — _ 52 - _ —.
! (Zt>@t<7t V2rwoy P { 2Zt } f @)

0? —In(w;) — %0?
o}

Iy = —4'(z)
1,] . In@) — Lo?
2}% n () 501

—=z
t o

1
—— €X
V 27T(DtO't P { 2

= f(@r) @i (2 — ov)

O’? — ln(@t) —

— 0 @' (%)

—In(wy) — 307 —In(w,) + 307

= &'(z —o0y) < 22— — ; ) = —&'(z — 0y)

F (@) + @ f (@) [—@% — ;;_t] = [ (&) {1 —1- Oz_;j
~f @) 2

12



wo
Gy

Gy
l 11 { 12}+ 1 (2) { 12}@—
= W |——————expl ——2 ———(—zZ)expl —=Z
! V210 Ot P 27" V2miooy t) CXP 27
1 1 In(@) — 102
— @tf(@t> [__+_gtu}
O¢ O¢ O¢
N
= —f(w0) [z (& —0¢) — 1]
O¢
GY:
—02 —In(@;) + 102 In(@,) + 102
Gy = ¥ (z—0) — 0(.2t) = o (@) ( t)o—z —
t t

= —wif (@) %

4.6.5 Standard Normal cdf’s and Complementary Error Functions

B(z) %e’r’fc (‘72)

b (z—0y) = lerfc <Ut\;§zt)

General Relationship:

Applied to our case:

13



5 FIRMS

5.1

Cost Minimization

e Production Functions:

e (5) = (SP0()' ™ ka(5)°

e Real Marginal Cost:
— Inlevels:

mcy =

(Sy)e

A l-a (kY
Awi” (rf)” , where A = o %(1 — o)~ (1)

— Rescaled by technology (w; = w,/S}):

me; = Awﬁa (rf)a

— Linearized:

T?L\Ct = (1 — OK)UA]t + Oé?’A‘f

(14)

e Input Demands for Aggregate Firm Sector (see next page for definitions of aggregate
variables):

— In levels:

by

ke

mce o
= (l-a)—Y,
Wy
™mc ~
= a— Y
T

— Rescaled by technology (Y; = Y, /SY):

b

— Linearized:

= (1-a)2y
t
Ty

ﬁt:ﬂ/’b\ct—l@t—l—Yt

— ~k 9
kt:mct—rt +}/;

14

(15)

(16)



e Relationship between physical capital K; and utilized capital k;:

— Inlevels:
ki = us Ky
— Rescaled by technology:
. K,
oy — L
gt
— Steady state: _
- K
]{7 - —
g
— Linearization: . . o
ki = Ky1 + Uy — Gy

e Definitions used above:
— Labor:
* Aggregate:

1 1 U%Ufl oy -1
@:/EMM¢,MmeMQ=(/zM$UﬁwQ
0 0

1
L) = [ L.
0
* Varieties L;(j,7) supplied by households i, see above and also Section 5 on
household wage setting.
x Cost minimizing varieties demands:

Ly(j,1) = &) (th(j))ay , therefore Ly(i) = ; <Wt(i>)”?

— Capital: 1
b= [ k)
0

— Output:
*x Aggregate:

(/ ! 1 ﬁE op—1
Y: :/ y(j)dj , while Y} = / w(j) 7t dj
0 0

x It is easy to show that:

?:Y7 ?t: t

15



5.2 Profit Maximization

e Discounted real profits:

- Real revenue }T—kf)y k(] )-

— Real marginal cost 4 yt+k (7)-

— Real cost of dev1at1ng from ‘normal” output of other ﬁrms

* Quadratic in the % deviation from *“normal” output - % W—Yt”)

x Proportional to aggregate real output Y; .
e Pricing policy of firm j that reoptimizes at ¢, choosing V/” and v! (a gross inflation rate):

. k
Pt+k(]) = V;fp (Uf)
e Profit maximization:

> VP (uf) Oy (Wen(G) — Yiun)
M E E A Lt 1) — ) — — 1
th%y t 2 ( pﬁ) t+k Prox yt+k(]) mCt+kyt+k(J) 9 Yier y S

e Substitute constraints:

1—oP —oP
= 10 L 100 L W o, Y,
]\{)Q%Et Z (5p5)k Atk (M> Yierw — mep — (v1) Yitn — ? Gekld) = Hk)

t Ut k=0 Y;‘,Jrk

e Define terms:
— Front-loading term:

_ W
= P
— Inflation rescaled by the inflation target:
T =m /T
— Cumulative aggregate rescaled inflation:
k
1, =[[#,,fork >1 (= Lfork =0) (17)
j=1
— Cumulative aggregate rescaled inflation deviation:
k
M, =Y #% fork>1 (=0fork=0) (18)
j=1
— Mark-up:
p
p_ _ 0t
Mt 0_2[: _ 1

16



5.3 First-Order Conditions

e Rescaled by technology, with 7;(7) = v:(j)/5?.
e Rescaled by the inflation target, with ! = o} /7}.
e FOC for V}':
E: Y, (%ﬁ)k 5‘t+kyt+k(j)af+k <mCt+k + 9, <%)) (19)
t = ) ~ . . {)P k
B S (08) Aecktiers () (h — 1) (1)

e FOC w.rt. v} (rescaled by technology):

BTG il e ()

by =

E, 2210 (5pﬁ)k kf\t%gjﬁk(]‘) (O—erk _ 1) ((ﬁgt;):)

Rescaling by the inflation target - comments:

This takes the form of dividing all price levels by the target price level F;".

LN .
(ﬁtp) , i.e. future firm-specific and
t.k

aggregate cumulative inflation rates have to be deflated by future cumulative target
inflation rates.

In the preceding formulas this only affects F;

However, under unit roots all expected future quarterly target inflation rates are
simply equal to the current target rate.

In all forward-looking conditions like (19) and (20) we can therefore simply lin-
earize around the current inflation target 7.

Example: Our final conditions will contain expected inflation terms for periods ¢
and t + 1. For actual future inflation the correct definition is 7}, ; = In(7},,) —
In(7y,,). But it is ok to linearize around 7} instead because only the expected
future inflation deviation enters the equations, and for this we have (up to an ap-
proximation error that disappears in linearization):

Etﬁfjtl = E; (ln(ﬁfﬂ) - 1n(7r2‘+1)) = E; (ln(ﬂ-f-i-l) - ln(W:))
The same is not true for backward-looking conditions. See Section 6 on “The
Price Index”.

5.4 Linearization

e Geometric distribution formulas:

> (3,)" k = 22

— (21)
k=0 (1 - 51)6)2

17



S (5,80 12 = 22U e

k=0 (1 - 5pﬁ )3
e Linearization of goods demand:
(gt+k(j) - }A/;erk) = —0p <ﬁf + k@f - ﬂfk) (23)
e Linearization of markup:
i = 67— 6" (24)

5.4.1 Linearization for V}”

Rewrite (19):

p (5P S k5 - : (@f)k
Dy (Ut+k - 1) Etz (6p0)" AerwTe+(J) < , . )

k=0

= Et Z (5pﬁ>k }\t+kgt+k<j>0f+k <mct+k + ¢p <w>)
k=0

Linearization of the common terms 5\t+kgjt+k( j) cancels.

Remaining terms are:

A
1-0,8

B2 (0,8)" [KF — 1, + 1,67

= B35 (0,8)" [teek + 6y, (3esk() = Vi) + 604

e Using (21), (23) and (24):

ﬁp — = ,&P& 6 — = o — A - = ~
. —t(S 5(1+¢pﬂpap>+ﬁ(l+¢pﬂpap> = E,X2, (6,0)" [mch + 107 (1 + ¢, /1,0p) + ,uf+k]
P Y
e Equivalently:
pr 00,3 k [T/n\cﬂrk i | ¢ }
+ = EX0 (6 —— 4 I (25)
T (R

18



5.4.2 Linearization for v/

Rewrite (20):

- ~D\k
HES0 (0,0 Bhsstin(i)ots — 1) ()

= X7, (5p5>k k5\t+kgt+k(j>0?+k (mct+k + ¢p (%

Yiir

Linearization of the common terms A\, ;i ,x(j) cancels.

Applying (21) to the p-term, the remaining terms are:
75,8 ) S
m + B30, (5p5>k k [kvf — H?,k + upgf_'_k}
p

= B2 (08 [cees + 0, (041(7) — Viun ) + 67,

Applying (23) and (24), and simplifying, we get:
Py 0p83

{

P (14 ¢y, Gp) + BiS g (8,8)F K00 (1 + /1,5 ,)

(1 o 5pﬁ )2
= B0 (0,8)" b [Mteen + iy + T, (14 6,0,5,)]
Applying (22) to the 9/-term and simplifying further, we get:

ﬁfépﬁ n @fépﬁ(l + 5p5)
1-6,8)7 (1-5,B)

= EX2, (6, kk[ —
R (N

19

— /\p
MCty + Py g

+ ﬁ;{k] (26)



5.5 Quasi-Differencing

5.5.1 Quasi-Differencing for V”-Equation (25)

e Rewrite (25) as:
Mg = =08 B Y 0,0 | e
(1 —0,8) g ' kZ:O g (1+ prﬂpap) bk
e For future reference, lead this by one period and multiply by (1 — 6,5):
(1 - pﬁ) Etﬁerl + 5pﬁEt@f+1 (28)
mct+1+k + Mt+1+k =
= (1-4,8) B)* + 1,k
p kz 1 + pr/ipap ; t+

Note the following for IT? g

I, = Ofork=0, (29)
7y, o for k=1
- ﬁ-t+2 _I_ “ee + ﬁ‘?‘f’k‘i‘l fOI' k:2,3,4,...

Write out terms in (27):

00y
+ ————=(1—-0,0)
mey + i} Mer1 + iy | . o (Mo + Uy | .
E —+(55)(—+7Tp + (6p,8)" | m————~ + 7l + 7
t (1+¢p,upa-p) P (1+¢pup p) t+1 p (1+¢p,up0'p) +1 t+2
3 [ MCi43 + [ig3
+(6,8) <—(1 T oo t:> + T + e + 7Tt+3) + }
e Multiply the last equation by ¢,,3, and lead by one period:
A (6,5)°
OpBE Py + (1_p 5,8) By = (1—0p0) *
p
M1 + [y o (MCrya+ (10 | .
B |(0pB) 77 =y T (00) <—+7r”
t[ p ( + p,up p) p (1+¢p/“l“pa-p) t+2
MC43 + [ 3
+(6,8)° (— + 7P, AP ) + . }
(p ) (1+¢p/’l’p p) +2 t+3

L The first line shows why for the last term in the previous equation we can let the subscript

run from 1 instead of 0.
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Deduct the last equation from the preceding one:

R R opf3 -
[pf - 5pﬁEtpf+1] ( s pﬁ) [ ﬁEtUH-l}
mey +
(g8 |t Bl (5,8 + (5,8)2 + + (6,8)° + ...)
(1 + ¢pi,0p)
pFp~ P
Equivalently:
R . R ) . . R
[pf — Epa+ (1= 0,5) Etp?ﬂ} + ﬁﬁﬁ) [Uf — By, + (1= 6,) Et”fﬂ}
P
mCt + ,Uzt
=(1-6,8) ——————— +9,8E,7"
( pﬁ> <1+ pﬂp p) pﬁ th 41
Equivalently:
0y
[ Etthrl} + (1 _p 5,5) [ EtUtJrJ
mcy + . N N
= (1‘—5p5>(zqu57fﬁ—j fﬂpﬁl)'+5p5(£%ﬂﬁ1‘—fﬂvﬁ1)
pp p
Equivalently:
R . opf3 R .
[Etp?—f—l _pﬂ 1 _p 5,5) [Etvf-i-l - Uﬂ
p
mc + . . N
= —(1=0,0) <(1+t—/ﬁt> Eﬂ?fﬂ) + 0,83 (Edfy, — Erity,y)
prp p
Equivalently:

5pﬁEtﬁf+1 pp + (1 _pﬁpm [Etﬁfﬂ - @ﬂ

= -0 (st

—————— | + 0,BE0} dpBETY
1+¢p/lp<7p)> U1 — 741

21
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5.5.2 Quasi-Differencing for v’-Equation (26)

e Rewrite (26) as:

5 (1+ 5p5) ( pﬁ) k [T/n\ct-i-k + {17, s }
=" Oy t;(w PE T oy T

e Write out terms:

ﬁf—i— (1+5pﬁ) (1_5136)2
(1-0,8) " 0pf3
7’)/’L\Ct+1 + /lerl ~p 2 ﬂ/’L\Ct+2 + /lerQ ~
B 6,9 (Z15;2E35735-+~NH4 v200,0 (s ties o v,

mct+3+ﬂ 3
(pﬁ) ((ITMH)_F t+1+7rt+2+7rt+3)+ ..... }
prp p

e Multiply the last equation by ¢,,3, and lead by one period:

2
OpBED 41 + ME& sy = <M> *

(1 - 51)6) 51)5
2 [ MCiy2 + [y 3 [ MCy3 + i3
E, {(@ﬁ) (—(1+¢pup ) + t+2> +2(6,0) (—(1+¢pup B + t+2+7rt+3) - ]

e Deduct the last equation from the preceding one:

. . (1+3,8) w1 (=087
[pf 5pﬁEtpf+1] ( pﬁ) [ pBEt t+1] ( 5pﬁ )

Mer1 + fig 2 (mct+2 + [ys > 3 (m0t+3 + iy )

E; (6 ——+ (0 — 47 + (0 — = 4 ab A + ...

t |:( pﬁ) (1+¢p,up0-p) ( Pﬁ) (1+¢p,up(;p) t+2 ( pﬁ) (1+¢p:up p) t+2 t+3
+i4, (0,8 +2(6,8)" +3(6,8)° + ...)]

e Use (21) for the final term:

2
By (M) (0,8 +2(3,8)° +3(5,8)° +...) = By},

opf8
e Simplify:
J
it = 8,8Edt ) + (g [ = 8,8Bit) = Bl + (1= 5,0

[ﬁl\cﬂrl + [y (6,8) <m0t+2 s | ) (5,8)2 (mCt+3 + [ty
p p

—— — 4+ + 7 + 7 + ...
(1+ ¢,1,5,) (1+ ¢,m,0,) (It o 1,0, 2 ”Q }
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e Rewrite:

(57— 6,BE M) + o00) 5

(1 o pﬁ)

[e.9]

— 0, BB}, | = Bty + ((1

— 5pﬁ)2) *

g MCeivk + i ~p 2 (ap ~p
E, Z (0,0) — + E; [(5;)5) o + (0p5) (7Tt+2 + 7Tt+3> + }

e The final term can be rewritten using (29):

E; [(6,8) 77,0 + (5,8)° (A} o+ 71s) +

1-3 @

k=1
e Then we have:
. . 1+6,08
[pf - 5p3Etpf+1] ( s ) [ BEtUHJ =
(1—6,5)
A - mct—i—l—i—k + ,Ut+1+k =
E?  + ((1-6,8)) E (6,8)" +
thr1 ( p ) t % p (1+¢pﬂp0p ;
e Now we can replace the right-hand side using (28):
. A (1+6,5)
[p]tg - 5p5Etp€+1} (—pm [ pBEthJ
P
Eyiy + (1= 6,8) By + 6,8E:07 4
e Further simplification:
. . ) 1+4,p )
[pf o Etpf—i—l +(1-16,8) Etpf+1] % [ - Ey f+1 +(1
Op

= Bty + (1= 0,8) Egpry + 0,807,

e Cancel terms:
A . (1+6,8)
[pf - Etpf—i—l} (1- pﬁ) [ EthJ
p
= Etﬁ?ﬂ - Et@fﬂ
e Equivalently:

[Etﬁ?ﬂ ﬁﬂ +

_ e ~p
= By, — By
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e Equivalently:
R R R 140 .
Etpfﬂ :pf"‘EthH Et7t+1 ( pﬁ) [Et Uiy Uf] 3D
( o 5pﬁ)
e Equivalently:
. . —20,03 (146 6)
Epl — ——P_El - EAb + — 2L (32)
tPiy1 pf (1 — pﬁ) tVsp1 tTi1 ( — pﬁ)
5.5.3 Combine (30) and (31)
e (30) for ease of reference: 55
6pﬁEtﬁtp+1 pp + (1 _p ﬁ) [Etﬁerl — ’[}f}
p
mcy + i A
= —(1-4,8) ((1+—p/iptp)) + 0pBE iy — 0pBETT]
e Plugin (31):
R R . 146 . R
Opf3 | P} + By, — Evity,, — % [EthJrl - Uﬂ
(1—0,5)
Opf ) .
—p; + a _p ) [ Eitgyy — 0f]
p
mcy + .
=—(1-0,p) ((H_t—,u'ut)) + 0pBEE — 0pBETY
prp p
e Equivalently: 5.5
( pﬁ - 1)pp + d BEtUtJrl ﬁEtherl = ( —— ﬁ) ( pﬁ) (Et{)erl - @f)
p
mey + .
= —(1—4,p) ((1+t—ﬂﬂt>) + 0pBEY y — 0pBETY
prp p
e Cancel terms and multiply by —1: ,
R (0p5) R
(1 - 5Pﬁ> p:f + (1 _p 5;1;6) (EtUtJrl Uf)
mcy + fif >
=(1-9¢ 6 (f
U=\ T+ 6,,9,)
e Simplify further:
(5,8)° 5 ( me; + iy . )
Bl — ") =(1—-0,8) [ ———te — ¥
(1_5 /8)( tU t+1 t) ( p ) <1+¢pﬂp0-p) t
e Preliminary difference equation for ¢
o me, + fiy .
Exaof , — o :( ) ( e —L —pp> (33)
( tVty1 t) (pﬁ) (1+¢p,upa-p) t
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6 THE PRICE INDEX

6.1 Formula for the Index

e Price Level:

1
1—0o

P
t

P=|(1-6,)) 6 [Vip—s(vf_s)s]”g]
s=0

e Deflate by current target price level P;* and write out terms (P, = P,/P}, VP =
Vi P):

p

()7 = (1= 5,) (V)7 + (1= 8,)8, (V7)) ( ) :

e Divide by P,_1:

(Pt )laf B (1_5>(V_tp)10'f< Pt )10
Py "\ P Py

~ 1—ob p 1—o? (p )3 (1-0%)
t—3 t—2 Vi_3
t—2 t—1 Ty 1Tt—2



~ ~ D
e Use P;/P,_1 = @} = L (this is the deviation of gross inflation from its target):

p p

(RO = (=) () (D)

p Up 107
+u—M@m1W%(%Q

Ty
1-o? p \P (1—=0})
—oP 1 K ('Uth)
AT = R =
v T T 1
1—o? 1—cP P 3 (1_Uf)
o1 AR tf(vhy)
+(1—5 )53 (pt_g)l Tt (v ) <v ) . + ...
P T o T T 1Mo
e Divide through by (7 )1_05:
17cr3:J
]_ — (1 - 6p)pt
D 1—(7%7
1-of [ Vi1
+(1 5p>5ppt 1 (ﬁfﬂi‘
1—o?
. ’Up )2 t
+(1 S 52 1—0y ( t—2
AN

~ P ~ P, % * *
Ty 9Ty 1T Ty 9Ty 1Ty

) » \3 1-o}
+(1 — 5p)(5f,pt1:§t <vp (Utf:a) ) + ...

e Letol ; = vf ,/m;_,, the deviation of firm-specific gross inflation from the inflation

target, and use 7} /7} | = €7 :

1= (1-68,)p " (34)

D 1-0y
1-o? Uy
H1 =60 (225

2 1-o¥
+(1 - 6p)5ppt—2 (Vp p
T 1T

3 1—o? (V§L3>3 o
+(1—5p)5ppt—3t (vp “p vp( ot >3( . )2€7r*) —|—
_ — t t

26



0

~

T

Ty —0pfty = Lot + (1 —6p) (@571 - é?*) +

6.2 Linearize (34)
e Linearize:
= (1-6,)(1—o0ot)pt
"‘(1 - 570) (1 - Uf) 5p (ﬁ?—l + @f—l - 7}5 - é:
+(1 = 0p) (1 —07) 5;2) (ﬁf—2 +20] 5 — T4 4 —
+(1—dp) (1 —0a7) 53) (At—3 + 307 5 — T} 5

e Cancel terms and bring 77 onto left-hand side:

)

~p o ~Ar*
ry— 287, — &)

/\p ~
M1 — Ty

am* am*
— 38 5 — 28,

i (5p+5§+5?,+ ) =P + 0y (pf 1+vt71—5?*)

e Equivalently:

1—5 R ~ ~ Am*
= Epp+(1—6,) (B + 07y —&f )+(1—0
p

+(1— )52(p€3+3vt3_ﬂ-€2_ﬂ-t1

6.3 Quasi-Differencing

e Lag the last equation and multiply by J,,:

p)0

(pf 2+2Ut 2 ﬁfA

- gf*) + ..

to 25t1

— 287 — &)

* N ATt*
38t 2 - 2€t71 - Et ) +

4 7Tt 1 = (1 - 570) ﬁ?fl + (1 - 570) 570 (ﬁt72 + 77572 - ézil)

+(1—14,) 53, (pf_g + 2075

~p
— M2

e Deduct the last equation from the preceding one:

1-6

617
+(1—=4p) 5;2) (@f—s —ab -,
e Equivalently:
1—-9

Ty — 0pfty = Ept — 0,y + (1 —0p) (@f—

1=

*

am* AT
— 28 5 — 5t_1) + ..

—E =)+

+(1—=4p) 5;2) (@ff:a —e - — ég) +

e Equivalently:

A * A

R 1_5 ~ ~ N ~ ™
o= R (1= 0y) (0 — &) + (1= 8,) 8 (0, — &, —&
p

+ (1 —dp) 5;2; (@573 - 6?12 - é;r 1~ & ) + ..
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e We finally obtain the key expression discussed at some length in the paper:

1—90, . N
5 PP 4 1y (35)
P

Up = (1= 0,) (00 = &7 ) +(1 = 8,) 8 (875 — 877y — &7 ) (1= 6,) 6 (075 — &1 — &1 — &7 ) +...

~D __
ﬂ-t—

6.4 The Auxiliary Variable {pf
e Lag the last equation and multiply by 0,,:
~P ~ N ~ N N
Opthy = (1— 570)570 (Uf—2 - gt—l) + (1 - 5p>5g2; (Uf—s &2 8t—1) + .

e Deduct the last equation from the preceding one:

Uy = Oty + (1= 8,)00, — & (36)
e Also, for future reference:
(Bl = 7)) = (1= 6,8 = (1= 5,) U (37)
e Finally we will also be able to use (35) to substitute p? out of equation (33):
R d p AP
o= (7 - ) (38)

6.5 More Intuition for (36)

e Assume that we incorrectly linearize (34) around the period ¢ inflation target 7; regard-
less of the time subscript of the variables. We get the following, after changing notation
to distinguish this linearization from (36):

—

by = Opthry + (1= 3,)00, (39)

e Note that for v/ ; we have (the same holds for w/,:l)

—_

vl = In(vf_,) —In(7}) , while

o = In(vf_;) —In(my_)
e This implies that (again similarly for ¢/tj1)

vy =0f g — éf*
e Also ~ ap
Yy =1y
e Substituting the foregoing into (39) we obtain (36):
@bf = p¢f—1 + (1 - 5p)@f—1 - é?*

28



7 FINAL INFLATION DYNAMICS

7.1 Final Equation for ¢/
e Equation (33) reproduced for ease of reference:

~ ~ (1_55)2( T/fl\ct‘i—[lf A)
EoP . —P) = p Ll A pp
(B = ) 6,87 \(1+oa,0,)

e Plug (38) into this:

(1_5175)2 5p 5P (1_5125)2 5p ~p (1_57)@2 ”/?\Cthﬂ?

B =07 + - i —
P68 =6, (587 16, " (5,87 (1+¢,m,0,)

(40)
7.2 Final Equation for 7}
e Deduct (35) from its once led version to get:
. 1—0 . . AP AP
(Etﬁ?ﬂ 7?) =73 . (Etpfﬂ —pf) + (Etthrl - @Dt)
p
e To substitute for the first term on the right-hand side, use (32), which we reproduce
here: 2.5 (1+6,5)
— +
EP . — P — PP pap g Al e
tPr11 t —(1 ~5,5) tUs41 tTp1 + < v = p/B)

e To substitute for the second term on the right-hand side, use (37), which we reproduce

here: . o p
(Eﬂml - ¢t> = (1 - 5;0)@5 - (1 - 570) ¢t
e Substitute: .
(Bt — #7) = (1= 8,)8 — (1= 6,) Uy
1—90, { —20,3 (1 + 5p5) ]
0p  [(1=0,0) (15,0

p
Eyoyy — Et”tﬂ

e Equivalently:

1-0 1-45, 25,8
p):W? P P

146
E#l,, (1 +— (L+0p0)
p

29

1-96, —
B (1—5p5)Etvt+1 ( o, (1—10,0) + (1 510))% (1=10p)

P

Uy



e Simplify and substitute from (40) for E;0y, ;:

. 1 1—9,(1+9,5) X AP
P _ 4D p P _ p_ —
B} 5 7y + < 5. (1=5,0) + (1 (5p)) 7 — (1 —0,) ¢,

_1 —0p 20,8 [@p + (1-— 5pﬁ>2 Op 5 (1-— 5p5)2 Op - p

5y (1=5,8) |t (5,8 1—%¢V_ (6,53)° 15,

(1-6,8)° e, + i}
(5,8)% (1 + @i, p)

e Equivalently:

~ 1 A 2(1_51)5) ~ 1_510(1“’5105) 1_51) 251)6
By, =™ (” 6,5) )*”"f ( 5, 13,5 %, (1—5pﬁ>)
_:pCG—%m+ﬂ_%0_l—%ﬂL%M)ﬁ@+w

"\ (0,8) op  (0p0) (14 pf,0p)

e Equivalently:
o1 (6,64+2—26,8\ ., [(1—6,(1+6,8—20,08)
P~ _ap (P p D p p P _
ity =t (P vt (R
o 2 — 26,8+ 6,0 — 028 1-6,2(1-6,8) me + i
' Opf3 Op (6,8) (1 + @pfi,0p)

e Equivalently:

1 (2=6,8 o ((L=6)(1+6,)
P~ AP p P p p
Et7Tt+15p Ty < 5p5 ) + vy < 5p
Cn (2=8,8-08\ 1-6,2(1—0,8) mc,+ i}
! 0p3 0 (08)  (L+ ¢,f,0p)

e Equivalently:

Bl = (% - 5p) LA ((1-6,) (1+4,) @)
5P _Z _2<1_5p) (1_57)5) =~ ~D
H%<%“+6“ ﬁ) 0,3 L+ bgiyy) et
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8 THE CALVO-YUN CASE

8.1 Profit Maximization

e Pricing policy of firm j that reoptimizes at ¢, choosing V;” and indexing to 7} (the
current inflation target):
Pt+k(j> = thH:,k
e Define additional terms:
— Cumulative inflation targets:

k
=], fork>1 (= 1fork = 0)

J=1

— Cumulative lagged aggregate inflation deviation:

k
I, =) #j,fork>1 (=0fork =0)
j=1
e Profit maximization:
- VI B (Yerx (i) = Yirn)®
Maz ES (0,8 Ay | ——=1E ) — ) — 2Ttk al t.
%%5'3 t;)( pB)" Aeik P, Yerk () — mersnyesn(J) 9 Yien ) 8

N =V, VPIE, BGL
yt+k(]>— t+k P,

e Substitute constraints:

= VP VPTG 75 6, (eald) — Vi)
M E 5 k )\ t t7k Y _ t t7k Y _ _p t+k? t+k‘
th%y tkz_;( pﬁ) t+k <Ptﬂt,k t+k — MCiyk PthJf t+k 5 Yiir

e FOC for V/¥, normalized by inflation target:

E, ZZio (5p5>k 5\t+kgt+k (j>0?+k (m0t+k + pr (7%%%:}@%))

B30 (6,8) Msdiesn () (00, — 1) (H:tlk>

e Linearization of goods demand:

(?JtJrk(j) - 3A/t+k> =—0yp (ﬁ? - ﬂ?k)

D (42)
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e Rewrite (42):

(e o]

. ) 1
WY (6,0) s~ D (5 )
k=0 I
o0 . - Y
Ly Z (6,8)" Atk Terk (1) 00k <mct+k + ¢, <W))
k=0 t+k
e Linearization of (42):
by - bt
—F I’
— kz_; (0,8)" 17,

[e.o]

=F, Z (51)6) [mCHk + Nt+k + ¢p'up (y“‘k( )~ Y;+k>]

e Equivalently:

At o0 b o0 k (’n/’L\Ct_Fk“—,&? k)
P —E§ 5 I’ =E§ 5 +
1 —0,0 tk_g( pﬁ) o tk_o( pﬁ) (14‘¢pﬂp5p)

e Equivalently:

ﬁp f: (MCrpk + 1} ) LT
]- + d)p:upap) bk
e Quasi-Differencing:
~ . mcy + [
Pt — 0pBEpy, = (1 —0,0) [m] + 0pBE 43)

8.2 The Price Index

e Price Level: )

1—oP
§ :55 VeI, "1 t
st Ht— ss

e Deflate by current target price level P and write out terms (P, = P, /Py, f/tp =
VP | PF):

(B)'7 = (1=3,) (V)7 4(1=6,)8, (VE) ™7 +(1=8,)02 (V20) ™7 +(1=0,)8% (V2,) ™" +.
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e Divide by P,_;:

. 1—oP ~ l1—0o

Pt ) | <‘/tp) |
~ — 1 - 5 -
<Pt1 SV

. 1—o?
| '
H(1-4,), | 2=
/% Py
Vp 1705 P 1—0oy
+(1 o 51))52 vt72 ( Vt2>
Py Py
~ 170? ~ l1—0o
VP P k
H(1—6,)85 | 2 (f 3)
P P
o Use P,/P_, =7 = :—f
(77 = (1 =6,) (p) 7 (7D)

(1= 6,0, (1)

g 1 1—(7%J
+(1 — 5[))(52 (pt73>1 ! ( D ) (ﬁ_p
t t—1

e Divide through by (77)"7¢:

P
1—0y

1= (1-d,)p"

1fcr%J 1
‘I’(l - 5p)5ppt—1 (v_p
r

L gP 1 1—(7%J
t t

l—0o
P 1 ¢
+(1 =46 )53pl_at (f) + ..
e T _ofp_ 17}

e Linearize:
0=p; + 0y (135—1 - ﬁf) + 512; (At—2 — 7 - ﬁf) + 5; (At—3 -
e Cancel terms and bring 77 onto left-hand side:

7Y (0 + 00+ 05+ ) =Py + 0pp}_y + 6 (B)_y — 71_) + 00 (s —
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e Equivalently:
1—90,
517

e Lag the last equation and multiply by J,,:
5207%?—1 = (1 - 5p> At—l + (1 - 5p> 5p13f—2 + (1 - 5p) 512; (At—3 - 7Arft)—2) +
Deduct the last equation from the preceding one:
1—0,

= L (44)
p

~D __
ﬂ-t_

ﬁf“'(l - 51)) At—l"’(l - 51)) 5p (ﬁf—2 - 7%1:—1)“’(1 - 510) 512; (At—3 - ﬁf—2 - 7ATf—l)“’---

8.3 Final Inflation Dynamics

e Plug (44) into (43):
Op  .p p X mey + [if R
—0,0—L—FEaP = (1— S L s E,#P
1_ 5p7Tt 5p31 =3, 11 = (1 —0p0) (1 + ,1,,) + 0pBE T
e Simplify:

~D __ ~D

(1—06,8)(1-4,) [( me: + i } (45)

dp 1+ ¢,f,0p)
This is the New Keynesian Phillips Curve for the Calvo-Yun case, which replaces the
three equation pricing block of the optimal indexation system.
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9 HOUSEHOLD WAGE SETTING

9.1 Utility Maximization

e Wage setting policy of a worker ¢ that reoptimizes at ¢, choosing V;* and v;” (a gross
wage inflation rate):
Wi (i) =V, (U;U)k
e Define terms:
Front-loading term:

w [tw
by = —”rt

- Real wage:
- ”t

Wage inflation rates re-scaled by the inflation target, with 7" = 7}’ /7.

Cumulative aggregate rescaled wage inflation:
Iy, = ¥y #y, fork > 1 (= 1for k = 0)
Cumulative aggregate rescaled wage inflation deviation:

ﬂiuk = Zg?:lﬁ;”ﬂ fork>1 (=0fork =0)

e Utility maximization - relevant part of the problem:

1
- Ly (i) Ve (0)* Wik
M E k o L( t+k t t + I
ww%t%? ti;_o: (608) [ PS; —1+% + Atrk Wir Pk (1)
\ G Wik (Liyn (i) — legp)?
—Atik , S.1.
2 P o
. Ve (pw)* ot
Lt+k(7') = litp <—tVV(t:k) >
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9.2 First-Order Conditions

Real wage rescaled by technology, with w, = w;/S}.

Firm specific wage inflation rescaled by the inflation target 0;" = v}" /7}.

— By the unit root property we can ignore future changes in the inflation target (see
discussion above for firms):

By = B (ln (Utujrk) - hl(ﬁﬂc)) = E (ln (U;ik) - ln(ﬂ))
FOC for V;"*:

[e.9]

ok N
Ei Z (0u3)" Avs Lea(0) (w”k (ot — 1) 0 (lv)t S P Wtk Oy (M)>

w
k=0 I i
o

By (6uB) b0 Sty (Lesi (i) (46)

k=0
FOC w.r.t. v":

Ey

NE

k7. . - w w (77115”>k - w Lt+k(i> — €t+k
(511)5) k>\t+kLt+k(Z) Wik (Ut+k - 1) 2 T - ¢wwt+k0t+k é—
k=0 t.k t+k

(68)" koo Shy (Leyr(i)) (47)

NE

Ey

b
Il

0
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9.3 Linearization

9.3.1 Linearization for V"

e First step:

[e.e]

B> (0uB) s+ Leea(i) + e + (7 + by — 112, )|
k=0

= s N e
= 5 0u0) [t St (145 ) Luaald) + i (Eraald) = B
k=0

e Linearization of labor demand:
(it+k(i) - Et+k> = 0Oy (ﬁf:” + kv’ — ﬁfk)

e Marginal rate of substitution:
— MRS in levels:

3=

SEpLa(i)

mrs; =
A

— Log-linearized:

— ]- - . A N

mrsy = —Lt<Z> + StL — )\t
n

— Combine with the expression for labor demand (note that, for contemporaneous

terms, £ = 0): ~
— -~ Uw A A <
mrs; = —l, — —p; + StL — N\
n n

e Combine the above:
= . . - = TSk — Witk + /:L?jrk)
By 0uB) (1 + ko = T0) = B (6, 3
tkz_;( B)" b Ut tk tkz_;( B) NS
e Apply formulas (21) and (22):
Py 040wl S w | (TS, — n + 1) | -
i - F G o + 11 (48)
1—=0u8 " (1-0,5) kZ_; CuP) [ (1+ Pulin) k

e With the appropriate change in notation this is exactly identical to equation (25) for
price setting, after replacing (mcik + flyyp,) / (1 + Gpi,0p) With (MTSy4p — Wepn + f4y) /

(1 + ¢wﬁw5w)'
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9.3.2 Linearization for v}’

First step:
- k \ T . ~ INTY ~w Tw
Ee> 0 (0uB) ke [Ness+ Luai) + oo + (5 + oy = 117,
k=0
- . : 1\ . N
=L Z (6u8)" k [Mtﬂc +Sh + (1 + ;) Lk (i) + @l (Lt+k(2) - gt—l—k)}
k=0

Combine with the above:

- k ) NV & (20 N = k (n%prk B thrk + I&;UJrk)
E; ; (0wB)" K (pt + ki Ht,k) = E; ; (0wB)" K (14 Gy liyOuw)

Apply formulas (21) and (22):

PO 0P8LA(L+ 0,0)
(1 - 6,8)° (1-6,8)°

(49)

- M8k — Wen + 1)
= E 5u8)" k ( I

With the appropriate change in notation this is exactly identical to equation (26) for
price setting, after replacing (mcyx + /7, 1,) / (1 + @pi,0,) With (MrS,4p, — Wer + i) /
(1 + ¢wﬁw5w)'
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9.4 Final Wage Inflation Dynamics

e Given the identical forms of (48)/(25) and (49)/(26), we obtain after quasi-differencing
as the end result an equation analogous to (33):

(1 —06,3)° [ (mrs, — iy + i) .,
(d,8)* ( L+ Guligou) ) (50)

e Furthermore, the derivation of the wage index is identical to that for the price index
above. The correct expression for wage inflation is:

(EtUtJrl @Zﬂ) =

Y =y — W1 + Ge — T 51

e Furthermore, the derivation of the wage index is identical to that for the price index
above. We get:
w10y po
= + @Dt (52)
U = 8uthy_y + (1= 60)01, — & (53)
e Combining this with the results of quasi-differencing we obtain the equations for £;0;", |
and Fy7ry’ o

(1-6,8)" 6y -w (1=6,8)" 6w .

B, = o + (5w5)2 1—o, t (5w5>2 1_5w7rt (54)
(L= 8u)” (TS, — o+ 1)
(6,8)° (14 byfy0u)
w w2 cw
Eal, = 7, (E — (5w) + 0" (1 = dy) (1 + 64)) (55)
~w 2 2(1 = dy) (1 = 0,08) (mrs; — wy + 1)
+ 5w 1 + 511) - _) - — _
i (su1 00 - 5 Gu) (T + Guitea)
e We can also use (52) to get a final expression for the marginal rate of substitution:
TS, = 1& 0" u_w O w_ g gr_ (56)

m1l=6, " n1-0d,

9.5 The Calvo-Yun Case
By analogy with the derivation under price setting we obtain the following for wage setting:

(1= 8u8)(1 = b,) (50— +

~w ~ W
T = ,8E{7Tt+l +
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10 GOVERNMENT AND MARKET CLEARING

e Interest rate rule in levels:
— Re-scaled by dividing through by 7.
— Remember that i; = i,/7}.

- Letr=g/0.
. 4 . " 4 6”” p p p p 176int+67r ~ oY
(k) _ ( bt—1 7Tt1) lrz; T3 42T 4417t ] lY;ers]
* - * * 4 Y
Ty M1 T (77) Yio
— Equivalently:
" 4 eint . Y oy
<\ 4 14—1 A.p «p wp Lp]l—0T407 | Vi3
()" = < P ) [P 3Tt o T4 7| Y
€t Y

Linearized interest rate rule:

/ " : Thys T o + 70 + 77
Iit — emt ('thl . ézr ) + (1 . emt + Hﬂ-)Et ( t+3 142 t41 t) (58)

1
+Wﬂ<n”_n”>+$m

4 4
e Real Interest Rate:
Fe =1y — Eyity (39

e Steady State Spending = Fixed Fraction of GDP:

GOV = s,Y

GOV, = S?GOV
e Goods Market Clearing:

— Inlevels:

Y, =Cy+ I, + GOV,
— Rescaled by technology:

Y, =C,+ I, + GOV,

— Linearization: o o . R
YY,=CC,+ 11, + GOV S? (60)
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11 STATIONARY EXOGENOUS SHOCKS

e Firm Risk: R A
Sy =757, +&] (61)
e Consumption: R A
S¢=p°Si 8 (62)
e Labor Supply:
St=p"St,+&f (63)
e Investment Demand: X X A
Sim = g Sy e (64)
e Government Spending: R X
59 = S+ e (©5)
e Monetary Policy: X R 4
Syt =P + (66)
e Goods Mark-Up:
iy = &’ (67)
e Labor Mark-Up:
ThE (68)
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12 COMPLETE DYNAMIC SYSTEM

12.1 Steady State and Parameter Calibration

12.1.1 Calibrated Directly

v = 0.7 (Habit Persistence)

1 = 0.5 (Labor Supply Elasticity)

¢; = 0.7 (Investment Adjustment Costs)

04 = 15 (Capacity Utilization Elasticity)

0, = 0.75 (Calvo delta for Prices)
04 = 0.75 (Calvo delta for Wages)

f,, = 1.23 (Price Markup)
i, = 1.16 (Wage Markup)
¢, = 0.75 (Deviation Cost for Prices)
¢, = 0.75 (Deviation Cost for Wages)
6™ = 0.75 (Interest Rate Smoothing)
0™ = 0.25 (One minus Inflation Coefficient)

L =1/3 (Labor Supply, ¢ is endogenous to that choice)

s1, = 0.64 (Labor Share - after adjusting for markups)
sGg = 0.18

8 =0.99

g = 1.005

Y
I
—_

(SS2)

(SS2)

(SS1)

(SS3)

(SS4)

(SS5)

(SS6)



A =0.025

w = 0.479 (preliminary, from GIMF) (SS7)
o = 0.452 (preliminary, from GIMF) (SS8)
& = 0.357 (preliminary, from GIMF) (SS9)
12.1.2 Derived

_ g
9 (SS10)

B
a=1-fis0 (SS11)
e — - (SS12)

Fop
In(w) + 152

;- @) +30 (SS13)

ag
I_‘—lerfc (a—z> +w(1—lerfc (—_z)) (S8S14)

2 V2 2 V2
_ 1 G—Z
f (@) LI { 152} (SS16)
= X —=
Vamme P2

v=1- %erfc (ﬁ) (SS17)
GY =wf (@) (SS18)

- Tw
e — SS19
[ —EGw (S519)
ret, = A (SS20)

1-T+X(T—£G)
P =Tel — 1+ A (SS21)
[ = —f (@) (SS22)
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(5S23)

(SS24)

(SS25)

(SS26)

(SS27)

(SS28)

(SS29)

(SS30)

(SS31)

(SS32)

(SS33)

(SS34)

(SS35)

(SS36)

(SS37)



12.2 Demand Block

A =i + By (5\t+1 — Ty — §t+1> DD
[ S S (Gia-a) (D3)
=7z 7oz G0
g g
- K N
KK, =(1- A)E (KH - gt) + 11—y (D4)
4t = o1 (jt - jt—l) — By (Etjt-H - jt) + Sjn (D5)
— 1-A R . Tk .
rety: = mEtQtﬂ —Ut T AT AkJr ™ EiPe i1 (D6)
Tt = Oqlt D7)
[_{ —~ml ~m ~ 2% ~
0 = (% — 1) (Tetk)t — Ty 1) - (Qt—l + K1 — nt—l) (D8)
K [v —€&GY_ . K [ —¢G° _ .
+ (z - 1> %wwt + (- - 1> ﬁaat
-, . __ 7k Tww — i Tww — géww .
0 = A (retkﬂg _ rt) -(1-0) = ( (rw ) TEG (DY)
L - o _ fuo o K fwo _ _Gwa
+— —1“"+/\(F"—§G")—(1—P)< (Pw : )ﬂ 0BG+
n(1+d) (R + g (D10)
r i\ A r_. K — I78. (4 %
=3 (n— K) @t + 57 + 7 (rety (1 -£G) —7) (th + thl)

—~ml

+§r—etk (1-€6) (rety) + %r_etkf (GmBy + G55,

—~ml —~
retyy = retgi—1 (D11)
f;”l = (D12)
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7217:) = 5w721luf1 + (1 —=6y)0", — é?*

(1=06u8)% b0 ~w (1=0uB)° 6w .o  (1—0uB8)° mrs, — iy + pY

Et'ﬁ;tw+1 = 'U;fw +

(6wB)? o, 0B 1=0u " Gud)? (L + bulintu)

Eiftihq =7, (% - 6w> + 0 (1= 84) (14 04))

w 2 2(1 = 8y) (1 = 6,8) (mrs; — iy + i)
g (Ml *0w) - 5) - (6.5) 1+ ¢wﬂwaw§

Wy = W1 — g + 7Y — 7}
1. 0" by L, 07 by swooap ok
mTSt:_Lt_Tl—wdwﬂiu—i—Tﬁ% +5F = A

12.3 Supply Block

Dy =8ty + (1 —8,)00, —&F

(1*51)5)2 511 {pp_(l*‘;pﬁ)z 51) AP (1*5115)2 77/1\Ct+ﬂf
6,87 1=0p " (5,87 1-0 " (5,8 (1+&pi,0p)

. p [ 2 .
EthJrl = Wf E —0p | + Uf (1 - 51)) (1+ 51)))

. 2\ 2A1-6,)(1-6,8)
+wt ((517(1 + 61’) - E) - (6;UB) (1 + ¢pﬂp5;u) (mct +/’Lt)

me; = (1 — a)iy + ark

AD _ ap
Etvt_H =17, +

ﬁt:m\ct—wt'FYt

. . PR
ky = mey — 7 + Y4
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(D16)
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12.4 Aggregate Relationships

R ) - ﬁ.P + ﬁ.P + ﬁ.P + ﬁ.P

i = HMt (Zt—l . 62— ) + (1 . emt + Hﬂ)Et t4+3 t+24 t+1 t > (Al)
/ Yiez — Vi Sint
OE
+ t < 1 + 1

Fro= iy — Byl (A2)
YY, = CC, + I, + GOV S (A3)
ke = Kooy + i — o (A4)
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12.5

12.5.1

12.5.2

Shocks
Unit Roots
G = g7 + gid
9" = pgGi, + &
jiid — giid
Ty =y +Ef
Stationary

Sf =p°Sf | +&
gtL = pLStLﬂ + étL
S = p S 4 &
§P°° = provGEo + &)
Gint — pint gint | gint
Gr=p°or1+Ef

§ = pfgt_l + é‘f

AD A‘up
By =€
Aw o AW
My =€
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(X8)

(X9)



13 REPORTING VARIABLES

e Remember that the “-variables are the ones that come from the computer code.

13.1 Real Variables - Growth Rates

e Real GDP Growth:
DOT_GDP,=lnY,—lnY, =Y, ~InY,; +Ing =Y, — Vi1 + g + In(g)

e Real Consumption Growth:

DOT _C,=InC,—InC,_y =InC, —InC,_y +Ing, = C, — Co_y + 1 + In(g)
e Real Investment Growth:

DOT_INV,=Inl, —Inl,_y=Inl,—Inl,_y +Ing = I, — I,_; + §, + In(g)
e Real Wage Growth:

DOT_Wt = ln Wy — ln Wi_1 = ln wt — ln 'IIJt—l + ln gy = UA]t — d}t_l ‘I— f]t ‘I— ln(g)

13.2 Nominal Variables - Growth Rates
e Inflation Growth:
DOT_PAIL = In(x}) — In(n}_;) = In(#}) — In(#}_)) + In (] ) = 7} — 7}, +&]
e Nominal Interest Rate Growth:

DOT_INT,; = In(i;) — In(i;—1) = In(i;) — In(i;—1) + In (] ) = & — 41 + &
13.3 Real Variables - Stationary

e Labor Supply: B R
NODOT_L; =In(L;) —In(L) =L
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