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1 INTRODUCTORY NOTES

• Model features unit root shocks to labor-augmenting technology Sy
t and to the inflation

target π∗t .

• To make the model stationary, this requires the following:

– Scaling of real variables, say xt: x̌t = xt/S
y
t .

– Scaling of nominal variables, say Zt: zt = Zt/P
∗
t (P ∗

t = target price path).

• Rescaling is done throughout this Appendix. We therefore present the unit root processes

first.

• Technology Shocks:

– In Levels:
Sy
t = Sy

t−1gt

gt = ggrt giidt

ln ggrt = (1− ρg) ln ḡ + ρg ln ggrt−1 + ε̂grt

ln giidt = ε̂iidt
– Linearized:

ĝt = ĝgrt + ĝiidt (1)

ĝgrt = ρgĝ
gr
t−1 + ε̂grt (2)

ĝiidt = ε̂iidt (3)

• Inflation Target Shocks:
– In Levels:

π∗t = π∗t−1ε
π∗

t

– Linearized:
π̂∗t = π̂∗t−1 + ε̂π

∗

t (4)

• Linearization of any variable x̌t around its steady state x̄: x̂t = (x̌t − x̄)/x̄.

• All inflation and interest rates are gross rates.

• Indices for different heterogeneous agents:

– i for households.

– j for manufacturing firms.

– z for financial intermediaries.
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2 HOUSEHOLDS

2.1 Optimization Problem

• Objective Function for Household i:

Max E0

∞∑

t=0

βt

{
Sc
t (1−

v

ḡ
) log(Ht(i))− SL

t ψ
Lt(i)

1+ 1

η

1 + 1
η

+
a

1− ǫ

(
Mt(i)

Pt

)1−ǫ
}

, where

Ht(i) = Ct(i)− νCt−1 (external habit)

Ct(i) =

(∫ 1

0

ct(i, j)
σ
p
t
−1

σ
p
t dj

) σ
p
t

σ
p
t
−1

, Pt =

(∫ 1

0

Pt(j)
1−σ

p
t dj

) 1

1−σ
p
t

• Budget Constraint (multiplier = λt(i)/Pt):

Bt(i) +BD
t (i) = it−1

(
Bt−1(i) +BD

t−1(i)
)
+Mt−1(i)−Mt(i)

+Wt(i)Lt(i) +

∫ 1

0

Πt(i, j)dj +

∫ 1

0

Πt(i, z)dz − Ptτ t(i)

−PtCt(i)−Wt

φw

2

(Lt(i)− ℓt)
2

ℓt

• Cost of deviating from “normal” labor supply of other households:

– Quadratic in the % deviation from “normal” labor supply
φw
2
(Lt(i)− ℓt)

2 /ℓ2t .

– Proportional to the aggregate wage bill Wtℓt.

• Assume complete contingent claims markets for labor income and identical initial en-

dowments of capital, bonds and money. Then all FOC are the same except for labor

supply. Therefore drop subscript i except in the wage setting problem. The latter is

dealt with later, after firm and intermediary price setting.

2.2 First-Order Conditions

• FOC for Bt:

λt = βitEt

(
λt+1

πp
t+1

)

– Rescaled by technology (λ̌t = λtS
Y
t ) and by the inflation target (̌it = it/π

∗
t ,

π̌p
t+1 = πp

t+1/π
∗
t+1):

λ̌t = βǐtEt

(
λ̌t+1

π̌p
t+1gt+1ε

π∗

t+1

)
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– Steady state (r̄ = ı̄/π∗):
r̄ = ḡ/β

– Linearization (remember that Etε̂
π∗

t+1 = 0):

λ̂t = ı̂t + Et

(
λ̂t+1 − π̂p

t+1 − ĝt+1
)

(5)

• FOC for Ct:
Sc
t (1− v

ḡ
)

Ht

= λt

– Rescaled by technology (Ȟt = Ht/S
y
t ):

Sc
t (1− v

ḡ
)

Ȟt

= λ̌t

– Steady state:
(1− v

ḡ
)

H̄
= λ̄

– Linearization:

Ŝc
t − Ĥt = λ̂t (6)

• Habit Ht:

Ht = Ct − νCt−1

– Rescaled by technology (Čt = Ct/S
y
t ):

Ȟt = Čt − ν
Čt−1

gt

– Steady state:

H̄ = C̄(1− ν

ḡ
)

– Linearization:

Ĥt =
1

1− ν
ḡ

Ĉt −
ν
ḡ

1− ν
ḡ

(
Ĉt−1 − ĝt

)
(7)

• Wage Setting: See below, after derivation of price setting.
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3 CAPITAL GOODS PRODUCERS

• Investment Decision:

– Investment adjustment costs:

GI,t =
φI

2
It

(
(It/gt)− It−1

It−1

)2

– Optimization problem:

Max
{It+s}

∞

s=0

EtΣ
∞
s=0β

sλt+s

λt

[
qt+s

(
K̃t+s + It+s

)
− qt+sK̃t+s − Sinv

t+sIt+s −GI,t+s

]

– FOC:

qt = Sinv
t + φI

(
Ǐt

Ǐt−1

)(
Ǐt − Ǐt−1

Ǐt−1

)
− Etβ

λ̌t+1

λ̌t

φI

(
Ǐt+1

Ǐt

)2(
Ǐt+1 − Ǐt

Ǐt

)

– Steady state:

q̄ = 1

– Linearization:

q̂t = φI

(
Ît − Ît−1

)
− βφI

(
Ît+1 − Ît

)
+ Ŝinv

t (8)

• Capital Accumulation:

Kt = (1−∆)Kt−1 + It
– Rescaled by technology:

Ǩt = (1−∆)
Ǩt−1

gt
+ Ǐt

– Steady state:

Ī =
(ḡ +∆− 1)

ḡ
K̄

– Linearization:

K̄K̂t = (1−∆)
K̄

ḡ

(
K̂t−1 − ĝt

)
+ Ī Ît−1 (9)
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4 ENTREPRENEURS

4.1 Capacity Utilization Decision

• Optimization Problem:

Max
ut

[utrk,t − a(ut)]ωtKt−1(j)

• Cost function:

a(ut) =
1

2
φaσa (ut)

2 + φa (1− σa) ut + φa

(σa

2
− 1
)

• FOC:

rk,t = φaσaut + φa (1− σa)

• Steady state (ū = 1):
r̄k = φa

• Linearization:

r̂k,t = σaût (10)

4.2 Real Return to Utilized Capital

• Definition (nominal return Retk,t = Et

(
retk,tπ

p
t+1

)
):

retk,t = Et

ut+1rk,t+1 − a(ut+1) + (1−∆) qt+1
qt

• Steady state:

retk = 1−∆+ r̄k

• Linearization:

r̂etk,t =
1−∆

1−∆+ r̄k
Etq̂t+1 − q̂t +

r̄k
1−∆+ r̄k

Etr̂k,t+1 (11)
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4.3 Bank’s Zero Profit or Participation Constraint

• Original Constraint:

itB
D
t (j) = (1− F (ω̄t+1)) iB,t+1B

D
t (j) +

(
1− ξt+1

) ∫ ω̄t+1

0

QtKt(j)Retk,tωf(ω)dω

– it = non-contingent interest rate paid by bank to depositors.

– BD
t (j) = nominal loan amount.

– ω̄t+1 = cutoff level for next period productivity, below = bankruptcy, above = pay

loan in full. (ω̄t+1 is a function of t+ 1 shocks.)

– iB,t+1 = gross nominal rate of interest to be paid in full if ωt+1 is high enough.

(iB,t+1 is a function of t+ 1 shocks.)

– F (.) = cdf of the log-normal distribution of ω, with E(ωt) = 1 and V ar(ωt) = σ2t .

– (1− ξt+1) = fraction of project value that the bank can recover in bankruptcy.

– Cutoff ω̄t+1 condition

Retk,tω̄t+1QtKt(j) = iB,t+1B
D
t (j)

– Balance sheet constraint (Nt(j) = nominal net worth):

QtKt(j) = Nt(j) +BD
t (j)

– Rewritten participation constraint using the foregoing:
[
(1− F (ω̄t+1)) ω̄t+1 +

(
1− ξt+1

) ∫ ω̄t+1

0

ωf(ω)dω

]
Retk,tQtKt(j)

= itQtKt(j)− itNt(j)

• Definitions:

– Nominal capital earnings: Retk,tqtKt(j)

– Lender’s gross share in capital earnings:

Γ(ω̄t+1) ≡
∫ ω̄t+1

0

ωt+1f(ωt+1)dωt+1 + ω̄t+1

∫ ∞

ω̄t+1

f(ωt+1)dωt+1

– Lender’s monitoring costs share in capital earnings:

ξt+1G(ω̄t+1) = ξt+1

∫ ω̄t+1

0

ωt+1f(ωt+1)dωt+1

– Entrepreneur’s share in capital earnings

1− Γ(ω̄t+1) =

∫ ∞

ω̄t+1

(ωt+1 − ω̄t+1) f(ωt+1)dωt+1
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• Aggregated Participation Constraint (using the foregoing definitions):

qt−1Ǩt−1

ňt−1

rětm1k,t

řm1t

(Γ(ω̄t)− ξtG(ω̄t))−
qt−1Ǩt−1

ňt−1
+ 1 = 0

– Note the time subscripts: This has to hold in each state of the world = ex-post.

– Trick to make our timing conventions work:

rětm1k,t = rětk,t−1

řm1t = řt−1

– Steady state:

n̄ = K̄

(
1− retk

r̄

(
Γ̄− ξ̄Ḡ

))

– Linearization (superscripts ω and σ indicate partial derivatives, in steady state,

with respect to these two variables):

0 =

(
K̄

n̄
− 1
)(

r̂et
m1

k,t − r̂m1t

)
−
(
q̂t−1 + K̂t−1 − n̂t−1

)
(12)

+

(
K̄

n̄
− 1
)
Γ̄ω − ξ̄Ḡω

Γ̄− ξ̄Ḡ
ω̂̄ωt +

(
K̄

n̄
− 1
)
Γ̄σ − ξ̄Ḡσ

Γ̄− ξ̄Ḡ
σ̄σ̂t

4.4 Entrepreneur’s Optimal Loan Contract

• Entrepreneur’s Optimization Problem (λ̃t = multiplier of the participation constraint):

Max
Kt(j),ω̄t+1

Et {(1− Γ(ω̄t+1))Retk,tQtKt(j)

+λ̃t

[(
Γ(ω̄t+1)− ξt+1G(ω̄t+1)

)
Retk,tQtKt(j)− itQtKt(j) + itNt(j)

]}

– Note the expectations operator: Entrepreneur is risk-neutral and absorbs all aggre-

gate risk.

– Divide through by itNt(j), normalize, and replace nominal by real returns:

Max
Kt(j),ω̄t+1

{
(1− Γ(ω̄t+1))

rětk,t
řt

qtǨt(j)

ňt(j)

+λ̃t

[(
Γ(ω̄t+1)− ξt+1G(ω̄t+1)

) rětk,t
řt

qtǨt(j)

ňt(j)
− qtǨt(j)

ňt(j)
+ 1

]}

– FOC with respect to ω̄t+1:

−Γω
t+1

rětk,t
řt

qtǨt(j)

ňt(j)
+ λ̃t

{(
Γω
t+1 − ξt+1G

ω
t+1

) rětk,t
řt

qtǨt(j)

ňt(j)

}
= 0
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This implies:

λ̃t =
Γω
t+1

Γω
t+1 − ξt+1G

ω
t+1

• Optimal loan contract (FOC with respect to Ǩt(j)):

Et

{
(1− Γt+1)

rětk,t
řt

+
Γω
t+1

Γω
t+1 − ξt+1G

ω
t+1

[
rětk,t
řt

(
Γt+1 − ξt+1Gt+1

)
− 1
]}

= 0

– Steady state:

retk =
r̄λ̃

1− Γ̄ + λ̃
(
Γ̄− ξ̄Ḡ

)

– Linearization:

0 = λ̃
(
r̂etk,t − r̂t

)
−
(
1− Γ̄
) r̄k

r̄

(
Γ̄ωω − λ̃

(
Γ̄ωω − ξ̄Ḡωω

)

Γ̄ω

)
ωEt ̂̄ωt+1 (13)

+
r̄k

r̄

[
−Γσ + λ̃

(
Γ̄σ − ξ̄Ḡσ

)
−
(
1− Γ̄
)
(
Γ̄ωσ − λ̃

(
Γ̄ωσ − ξ̄Ḡωσ

)

Γ̄ω

)]
σ̄Etσ̂t+1

4.5 Net Wealth Accumulation

• Nominal net wealth accumulation (divt = lump-sum dividends to households):

Nt = Retk,t−1Qt−1Ǩt−1 (1− ξtGt)− it−1B
D
t−1 − Ptdivt

• Real net wealth accumulation (using the balance sheet identity):

ňt = řm1t

ňt−1

gt
+

qt−1Ǩt−1

gt

(
rětm1k,t (1− ξtGt)− řm1t

)
− ďivt

• Dividends:

ďivt = d ∗ ňt

• Steady state:

d =
r̄

ḡ
− 1 + K̄

ḡn̄

[
retk
(
1− ξ̄Ḡ

)
− r̄
]

• Linearization:

n̄ḡ (1 + d) (n̂t + ĝt)

= r̄
(
n̄− K̄
)
r̂m1t + r̄n̄n̂t−1 + K̄

(
retk
(
1− ξ̄Ḡ

)
− r̄
) (

q̂t−1 + K̂t−1

)

+K̄retk
(
1− ξ̄Ḡ

) (
r̂et

m1

k,t

)
− K̄retkξ̄

(
Ḡωω̂̄ωt + Ḡσσ̄σ̂t

)
− K̄retkḠξ̂t
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4.6 Closed Forms for Γ, G and Their Partial Derivatives

4.6.1 Basic Properties of Γ and G

• Repeat expressions for Γ and G for ease of reference:

Γ(ω̄t+1) ≡
∫ ω̄t+1

0

ωt+1f(ωt+1)dωt+1 + ω̄t+1

∫ ∞

ω̄t+1

f(ωt+1)dωt+1

G(ω̄t+1) =

∫ ω̄t+1

0

ωt+1f(ωt+1)dωt+1

• First derivatives with respect to ω̄t+1:

Γω
t+1 = 1− F (ω̄t+1)

G
ω

t+1 = ω̄t+1f(ω̄t+1)

4.6.2 Basic Properties of the Lognormal Distribution

The assumption is that ωt is lognormally distributed with E(ωt) = 1 and V ar(ωt) = σ2t . This implies the

following:

ln(ωt) ∼ N(−1
2
σ2t , σ

2
t )

f(ωt) =
1√

2πωtσt
exp

{
−1
2

(
ln(ωt) +

1
2σ

2
t

σt

)2}

4.6.3 Derivations A: The Nonlinear System

• We will change integrands at various points in order to obtain solutions that can be

expressed in terms of the cumulative distribution function Φ of the standard normal

distribution.

• First define terms:

z̄t =
ln(ω̄t) +

1
2
σ2t

σt

, yt =
ln(ωt) +

1
2
σ2t

σt

z̃t =
ln(ω̄t)− 1

2
σ2t

σt

, ỹt =
ln(ωt)− 1

2
σ2t

σt

• Manipulating the second expression in each case gives:

dωt = σt exp

{
ytσt −

1

2
σ2t

}
dyt

dωt = σt exp

{
ỹtσt +

1

2
σ2t

}
dỹt
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• Now evaluate the expressions determining Γ and G in terms of the c.d.f. Φ(.):

– First Component:

∫ ∞

ω̄t+1

f(ωt+1)dωt+1 =

∫ ∞

ω̄t+1

1√
2πωt+1σt+1

exp

{
−1
2

(
ln(ωt+1) +

1
2
σ2t+1

σt+1

)2}
dωt+1

=

∫ ∞

z̄t+1

σt+1√
2πωt+1σt+1

exp

{
−1
2
y2t+1

}
exp

{
yt+1σt+1 −

1

2
σ2t+1

}
dyt+1

=

∫ ∞

z̄t+1

1√
2π

1

ωt+1

exp

{
−1
2

(
y2t+1 + σ2t+1 − 2yt+1σt+1

)}
dyt+1

=

∫ ∞

z̄t+1

1√
2π

1

ωt+1

exp

{
−1
2
(yt+1 − σt+1)

2

}
dyt+1

=

∫ ∞

z̄t+1

1√
2π
exp {− ln(ωt+1)} exp

{
−
(
ln(ωt+1)− 1

2
σ2t+1
)2

2σ2t+1

}
dyt+1

=

∫ ∞

z̄t+1

1√
2π
exp

{
−2σ2t+1 ln(ωt+1)− (ln(ωt+1))

2 −
(
1
2
σ2t+1
)2
+ ln(ωt)σ

2
t+1

2σ2t+1

}
dyt+1

=

∫ ∞

z̄t+1

1√
2π
exp

{
−(ln(ωt+1))

2 +
(
1
2
σ2t+1
)2
+ 2 ln(ωt+1)

1
2
σ2t+1

2σ2t+1

}
dyt+1

=

∫ ∞

z̄t+1

1√
2π
exp

{
−1
2

(
ln(ωt+1) +

1
2
σ2t+1

σt+1

)2}
dyt+1

=

∫ ∞

z̄t+1

1√
2π
exp

{
−1
2
(yt+1)

2

}
dyt+1 = 1− Φ (z̄t+1)

– Second Component:

∫ ∞

ω̄t+1

ωt+1f(ωt+1)dωt+1 =

∫ ∞

ω̄t+1

1√
2πσt+1

exp

{
−1
2

(
ln(ωt+1) +

1
2
σ2t+1

σt+1

)2}
dωt+1

=

∫ ∞

z̃t+1

σt+1√
2πσt+1

exp

{
−1
2
(ỹt+1 + σt+1)

2

}
exp

{
ỹt+1σt+1 +

1

2
σ2t+1

}
dỹt+1

=

∫ ∞

z̃t+1

1√
2π
exp

{
−1
2
ỹ2t+1 −

1

2
σ2t+1 − ỹt+1σt+1 + ỹt+1σt+1 +

1

2
σ2t+1

}
dỹt+1

=

∫ ∞

z̃t+1

1√
2π
exp

{
−1
2
ỹ2t+1

}
dỹt+1 = 1− Φ (z̃t+1) = 1− Φ (z̄t+1 − σt+1)
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– Summary: ∫ ∞

ω̄t+1

f(ωt+1)dωt+1 = 1− Φ (z̄t+1)
∫ ∞

ω̄t+1

ωt+1f(ωt+1)dωt+1 = 1− Φ (z̄t+1 − σt+1)

– Final set of nonlinear equations:

z̄t =
ln(ω̄t) +

1
2
σ2t

σt

f (ω̄t) =
1√

2πω̄tσt

exp

{
−1
2
z̄2t

}

Γt = Φ(z̄t − σt) + ω̄t (1− Φ (z̄t))
Gt = Φ(z̄t − σt)
Γω
t = 1− Φ (z̄t)
Gω

t = ω̄tf (ω̄t)

4.6.4 Derivations B: Derivatives for the Linearized System

• Closed Form Expressions for Standard Normal cdf’s:

Φ (z̄t − σt) =

z̄t−σt∫

0

1√
2π
exp

{
−1
2
y2t

}
dyt

Φ (z̄t) =

z̄t∫

0

1√
2π
exp

{
−1
2
y2t

}
dyt

• Auxiliary Relationships:

– Derivatives of Γ:

∗ We have the following:

Γt = Φ(z̄t − σt) + ω̄t (1− Φ (z̄t))
Γω
t = 1− Φ (z̄t)

∗ We take the derivative of the first expression:

Γω
t = Φ

′ (z̄t − σt)
1

ω̄tσt

+ (1− Φ (z̄t))− ω̄tΦ
′ (z̄t)

1

ω̄tσt

∗ We equate this to the first expression to obtain:

Φ′ (z̄t − σt) = ω̄tΦ
′ (z̄t)
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– Derivatives of G:

∗ We have the following:

Gt = Φ(z̄t − σt)

Gω
t = ω̄tf (ω̄t)

∗ We take the derivative of the first expression:

Gω
t = Φ

′ (z̄t − σt)
1

ω̄tσt

∗ We combine this with the second expression to obtain our final two closed

form relationships for derivatives of standard normal cdf’s:

Φ′ (z̄t − σt) = ω̄2tσtf (ω̄t)

Φ′ (z̄t) = ω̄tσtf (ω̄t)

• Γωω
t :

Γωω
t = −Φ′(z̄t)

1

ω̄tσt

= − 1√
2πω̄tσt

exp

{
−1
2
z̄2t

}
= −f (ω̄t)

• Γωσ
t :

Γωσ
t = −Φ′(z̄t)

σ2t − ln(ω̄t)− 1
2
σ2t

σ2t

= − 1√
2πω̄tσt

exp

{
−1
2
z̄2t

}
ω̄t

ln(ω̄t)− 1
2
σ2t

σt

= f (ω̄t) ω̄t (z̄t − σt)

• Γσ
t :

Γσt = Φ′(z̄t − σt)
−σ2t − ln(ω̄t) +

1
2
σ2t

σ2t
− ω̄tΦ

′(z̄t)
σ2t − ln(ω̄t)− 1

2
σ2t

σ2t

= Φ′(z̄t − σt)

(− ln(ω̄t)− 1
2
σ2t

σ2t
− − ln(ω̄t) +

1
2
σ2t

σ2t

)
= −Φ′(z̄t − σt)

= −ω̄2tσtf (ω̄t)

• Gωω
t :

Gωω
t = f (ω̄t) + ω̄t

[
− 1√

2πω̄tσt

1

ω̄t

exp

{
−1
2
z̄2t

}
+

1√
2πω̄tσt

(−z̄t) exp

{
−1
2
z̄2t

}
1

ω̄tσt

]

= f (ω̄t) + ω̄tf (ω̄t)

[
− 1

ω̄t

− z̄t
ω̄tσt

]
= f (ω̄t)

[
1− 1− z̄t

σt

]

= −f (ω̄t)
z̄t
σt

12



• Gωσ
t :

Gωσ
t = ω̄t

[
− 1√

2πω̄tσt

1

σt

exp

{
−1
2
z̄2t

}
+

1√
2πω̄tσt

(−z̄t) exp

{
−1
2
z̄2t

}
σ2t − ln(ω̄t)− 1

2
σ2t

σ2t

]

= ω̄tf (ω̄t)

[
− 1

σt

+
1

σt

z̄t
ln(ω̄t)− 1

2
σ2t

σt

]

=
ω̄t

σt

f (ω̄t) [z̄t (z̄t − σt)− 1]

• Gσ
t :

Gσ
t = Φ′ (z̄t − σt)

−σ2t − ln(ω̄t) +
1
2
σ2t

σ2t
= −ω̄2tσtf (ω̄t)

ln(ω̄t) +
1
2
σ2t

σ2t
= −ω̄2tf (ω̄t) z̄t

4.6.5 Standard Normal cdf’s and Complementary Error Functions

• General Relationship:

Φ(x) =
1

2
erfc

(−x√
2

)

• Applied to our case:

Φ (z̄t − σt) =
1

2
erfc

(
σt − z̄t√

2

)

Φ (z̄t) =
1

2
erfc

(−z̄t√
2

)

13



5 FIRMS

5.1 Cost Minimization

• Production Functions:

yt(j) = (S
y
t ℓt(j))

1−α kt(j)
α

• Real Marginal Cost:

– In levels:

mct =
Aw1−α

t

(
rkt
)α

(Sy
t )
1−α

, where A = α−α(1− α)−(1−α)

– Rescaled by technology (w̌t = wt/S
y
t ):

mct = Aw̌1−α
t

(
rkt
)α

– Linearized:

m̂ct = (1− α)ŵt + αr̂kt (14)

• Input Demands for Aggregate Firm Sector (see next page for definitions of aggregate

variables):

– In levels:

ℓt = (1− α)
mct
wt

Ỹt

kt = α
mct
rkt

Ỹt

– Rescaled by technology (Y̌t = Ỹt/S
y
t ):

ℓt = (1− α)
mct
w̌t

Y̌t

ǩt = α
mct
rkt

Y̌t

– Linearized:

ℓ̂t = m̂ct − ŵt + Ŷt (15)

k̂t = m̂ct − r̂kt + Ŷt (16)
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• Relationship between physical capital Kt and utilized capital kt:

– In levels:
kt = utKt−1

– Rescaled by technology:

ǩt = ut

Ǩt−1

gt

– Steady state:

k̄ =
K̄

ḡ
– Linearization:

k̂t = K̂t−1 + ût − ĝt

• Definitions used above:

– Labor:

∗ Aggregate:

ℓt =

∫ 1

0

ℓt(j)dj , where ℓt(j) =

(∫ 1

0

Lt(j, i)
σwt −1

σw
t di

) σwt
σw
t
−1

Lt(i) =

∫ 1

0

Lt(j, i)dj

∗ Varieties Lt(j, i) supplied by households i, see above and also Section 5 on

household wage setting.

∗ Cost minimizing varieties demands:

Lt(j, i) = ℓt(j)

(
Wt(i)

Wt

)−σwt

, therefore Lt(i) = ℓt

(
Wt(i)

Wt

)−σwt

– Capital:

kt =

∫ 1

0

kt(j)dj

– Output:

∗ Aggregate:

Ỹt =

∫ 1

0

yt(j)dj , while Yt =

(∫ 1

0

yt(j)
σ
p
t
−1

σ
p
t dj

) σ
p
t

σ
p
t
−1

∗ It is easy to show that:

Ỹ = Ȳ , ̂̃Y t = Ŷt
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5.2 Profit Maximization

• Discounted real profits:

– Real revenue
Pt+k(j)

Pt+k
yt+k(j).

– Real marginal cost
MCt+k
Pt+k

yt+k(j).

– Real cost of deviating from “normal” output of other firms:

∗ Quadratic in the % deviation from “normal” output
φp
2

(yt+k(j)−Yt+k)
2

Y 2
t+k

.

∗ Proportional to aggregate real output Yt+k.

• Pricing policy of firm j that reoptimizes at t, choosing V p
t and vpt (a gross inflation rate):

Pt+k(j) = V p
t (v

p
t )

k

• Profit maximization:

Max
V
p
t ,v

p
t

Et

∞∑

k=0

(δpβ)
k λt+k

[
V p
t (v

p
t )

k

Pt+k

yt+k(j)−mct+kyt+k(j)−
φp

2

(yt+k(j)− Yt+k)
2

Yt+k

]
, s.t.

yt+k(j) = Yt+k

(
V p
t (v

p
t )

k

Pt+k

)−σ
p
t+k

• Substitute constraints:

Max
V
p
t ,v

p
t

Et

∞∑

k=0

(δpβ)
k λt+k



(

V p
t (v

p
t )

k

Pt+k

)1−σ
p
t+k

Yt+k −mct+k

(
V p
t (v

p
t )

k

Pt+k

)−σ
p
t+k

Yt+k −
φp

2

(yt+k(j)− Yt+k)
2

Yt+k




• Define terms:

– Front-loading term:

ppt ≡
V p
t

Pt

– Inflation rescaled by the inflation target:

π̌p
t = πp

t/π
∗
t

– Cumulative aggregate rescaled inflation:

Π̌p
t,k ≡

k∏

j=1

π̌p
t+j for k ≥ 1 (≡ 1 for k = 0) (17)

– Cumulative aggregate rescaled inflation deviation:

Π̂p
t,k ≡

k∑

j=1

π̂p
t+j for k ≥ 1 (≡ 0 for k = 0) (18)

– Mark-up:

µp
t =

σp
t

σp
t − 1
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5.3 First-Order Conditions

• Rescaled by technology, with y̌t(j) = yt(j)/S
y
t .

• Rescaled by the inflation target, with v̌pt = vpt /π
∗
t .

• FOC for V p
t :

ppt =
Et

∑∞
k=0 (δpβ)

k λ̌t+ky̌t+k(j)σ
p
t+k

(
mct+k + φp

(
y̌t+k(j)−Y̌t+k

Y̌t+k

))

Et

∑∞
k=0 (δpβ)

k λ̌t+ky̌t+k(j)
(
σp
t+k − 1

) ( (v̌pt )k
Π̌p
t,k

) (19)

• FOC w.r.t. vpt (rescaled by technology):

ppt =
Et

∑∞
k=0 (δpβ)

k kλ̌t+ky̌t+k(j)σ
p
t+k

(
mct+k + φp

(
y̌t+k(j)−Y̌t+k

Y̌t+k

))

Et

∑∞
k=0 (δpβ)

k kλ̌t+ky̌t+k(j)
(
σp
t+k − 1

) ( (v̌pt )k
Π̌p
t,k

) (20)

• Rescaling by the inflation target - comments:

– This takes the form of dividing all price levels by the target price level P ∗
t .

– In the preceding formulas this only affects Et
(vpt )

k

Πp
t,k

, i.e. future firm-specific and

aggregate cumulative inflation rates have to be deflated by future cumulative target

inflation rates.

– However, under unit roots all expected future quarterly target inflation rates are

simply equal to the current target rate.

– In all forward-looking conditions like (19) and (20) we can therefore simply lin-

earize around the current inflation target π∗t .

– Example: Our final conditions will contain expected inflation terms for periods t
and t + 1. For actual future inflation the correct definition is π̂p

t+1 = ln(πp
t+1) −

ln(π∗t+1). But it is ok to linearize around π∗t instead because only the expected

future inflation deviation enters the equations, and for this we have (up to an ap-

proximation error that disappears in linearization):

Etπ̂
p
t+1 = Et

(
ln(πp

t+1)− ln(π∗t+1)
)
= Et

(
ln(πp

t+1)− ln(π∗t )
)

– The same is not true for backward-looking conditions. See Section 6 on “The

Price Index”.

5.4 Linearization

• Geometric distribution formulas:
∞∑

k=0

(δpβ)
k k =

δpβ

(1− δpβ)
2 (21)
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∞∑

k=0

(δpβ)
k k2 =

δpβ(1 + δpβ)

(1− δpβ)
3 (22)

• Linearization of goods demand:

(
ŷt+k(j)− Ŷt+k

)
= −σ̄p

(
p̂pt + kv̂pt − Π̂p

t,k

)
(23)

• Linearization of markup:

µ̂p
t = σ̂p

t − µ̄pσ̂
p
t (24)

5.4.1 Linearization for V p
t

• Rewrite (19):

ppt
(
σp
t+k − 1

)
Et

∞∑

k=0

(δpβ)
k λ̌t+ky̌t+k(j)

(
(v̌pt )

k

Π̌t,k

)

= Et

∞∑

k=0

(δpβ)
k λ̌t+ky̌t+k(j)σ

p
t+k

(
mct+k + φp

(
y̌t+k(j)− Y̌t+k

Y̌t+k

))

• Linearization of the common terms λ̌t+ky̌t+k(j) cancels.

• Remaining terms are:

p̂pt
1− δpβ

+ EtΣ
∞
k=0 (δpβ)

k
[
kv̂pt − Π̂p

t,k + µ̄pσ̂
p
t+k

]

= EtΣ
∞
k=0 (δpβ)

k
[
m̂ct+k + φpµ̄p

(
ŷt+k(j)− Ŷt+k

)
+ σ̂p

t+k

]

• Using (21), (23) and (24):

p̂pt
1− δpβ

(1+φpµ̄pσ̄p)+
v̂pt δpβ

(1− δpβ)
2 (1+φpµ̄pσ̄p) = EtΣ

∞
k=0 (δpβ)

k
[
m̂ct+k + Π̂

p
t,k(1 + φpµ̄pσ̄p) + µ̂p

t+k

]

• Equivalently:

p̂pt
1− δpβ

+
v̂pt δpβ

(1− δpβ)
2 = EtΣ

∞
k=0 (δpβ)

k

[
m̂ct+k + µ̂p

t+k

(1 + φpµ̄pσ̄p)
+ Π̂p

t,k

]
(25)
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5.4.2 Linearization for vpt

• Rewrite (20):

pptEtΣ
∞
k=0 (δpβ)

k kλ̌t+ky̌t+k(j)(σ
p
t+k − 1)

(
(v̌pt )

k

Π̌t,k

)

= EtΣ
∞
k=0 (δpβ)

k kλ̌t+ky̌t+k(j)σ
p
t+k

(
mct+k + φp

(
y̌t+k(j)− Y̌t+k

Y̌t+k

))

• Linearization of the common terms λ̌t+ky̌t+k(j) cancels.

• Applying (21) to the p̂pt -term, the remaining terms are:

p̂pt δpβ

(1− δpβ)
2 + EtΣ

∞
k=0 (δpβ)

k k
[
kv̂pt − Π̂p

t,k + µ̄pσ̂
p
t+k

]

= EtΣ
∞
k=0 (δpβ)

k k
[
m̂ct+k + φpµ̄p

(
ŷt+k(j)− Ŷt+k

)
+ σ̂p

t+k

]

• Applying (23) and (24), and simplifying, we get:

p̂pt δpβ

(1− δpβ)
2 (1 + φpµ̄pσ̄p) + EtΣ

∞
k=0 (δpβ)

k k2v̂pt (1 + φpµ̄pσ̄p)

= EtΣ
∞
k=0 (δpβ)

k k
[
m̂ct+k + µ̂p

t+k + Π̂
p
t,k(1 + φpµ̄pσ̄p)

]

• Applying (22) to the v̂pt -term and simplifying further, we get:

p̂pt δpβ

(1− δpβ)
2 +

v̂pt δpβ(1 + δpβ)

(1− δpβ)
3 = EtΣ

∞
k=0 (δpβ)

k k

[
m̂ct+k + µ̂p

t+k

(1 + φpµ̄pσ̄p)
+ Π̂p

t,k

]
(26)
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5.5 Quasi-Differencing

5.5.1 Quasi-Differencing for V p
t -Equation (25)

• Rewrite (25) as:

p̂pt +
v̂pt δpβ

(1− δpβ)
= (1− δpβ)Et

∞∑

k=0

(δpβ)
k

[
m̂ct+k + µ̂p

t+k

(1 + φpµ̄pσ̄p)
+ Π̂p

t,k

]
(27)

• For future reference, lead this by one period and multiply by (1− δpβ):

(1− δpβ)Etp̂
p
t+1 + δpβEtv̂

p
t+1 (28)

= (1− δpβ)
2Et

[
∞∑

k=0

(δpβ)
k m̂ct+1+k + µ̂p

t+1+k

(1 + φpµ̄pσ̄p)
+

∞∑

k=1

(δpβ)
k Π̂p

t+1,k

]

• Note the following for Π̂p
t+1,k:1

Π̂p
t+1,k = 0 for k = 0, (29)

= π̂p
t+2 for k=1

= π̂p
t+2 + ...+ π̂p

t+k+1 for k=2,3,4,...

• Write out terms in (27):

p̂pt +
v̂pt δpβ

(1− δpβ)
= (1− δpβ) ∗

Et

[
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
+ (δpβ)

(
m̂ct+1 + µ̂p

t+1

(1 + φpµ̄pσ̄p)
+ π̂p

t+1

)
+ (δpβ)

2

(
m̂ct+2 + µ̂p

t+2

(1 + φpµ̄pσ̄p)
+ π̂p

t+1 + π̂p
t+2

)

+(δpβ)
3

(
m̂ct+3 + µ̂p

t+3

(1 + φpµ̄pσ̄p)
+ π̂p

t+1 + π̂p
t+2 + π̂p

t+3

)
+ ...

]

• Multiply the last equation by δpβ, and lead by one period:

δpβEtp̂
p
t+1 +

(δpβ)
2

(1− δpβ)
Etv̂

p
t+1 = (1− δpβ) ∗

Et

[
(δpβ)

m̂ct+1 + µ̂p
t+1

(1 + φpµ̄pσ̄p)
+ (δpβ)

2

(
m̂ct+2 + µ̂p

t+2

(1 + φpµ̄pσ̄p)
+ π̂p

t+2

)

+(δpβ)
3

(
m̂ct+3 + µ̂p

t+3

(1 + φpµ̄pσ̄p)
+ π̂p

t+2 + π̂p
t+3

)
+ .....

]

1 The first line shows why for the last term in the previous equation we can let the subscript
run from 1 instead of 0.
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• Deduct the last equation from the preceding one:

[
p̂pt − δpβEtp̂

p
t+1

]
+

δpβ

(1− δpβ)

[
v̂pt − δpβEtv̂

p
t+1

]

= (1− δpβ)

[
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
+ Etπ̂

p
t+1

(
δpβ + (δpβ)

2 ++(δpβ)
3 + ...
)]

• Equivalently:

[
p̂pt − Etp̂

p
t+1 + (1− δpβ)Etp̂

p
t+1

]
+

δpβ

(1− δpβ)

[
v̂pt − Etv̂

p
t+1 + (1− δpβ)Etv̂

p
t+1

]

= (1− δpβ)
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
+ δpβEtπ̂

p
t+1

• Equivalently:

[
p̂pt −Etp̂

p
t+1

]
+

δpβ

(1− δpβ)

[
v̂pt − Etv̂

p
t+1

]

= (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
− Etp̂

p
t+1

)
+ δpβ
(
Etπ̂

p
t+1 − Etv̂

p
t+1

)

• Equivalently:

[
Etp̂

p
t+1 − p̂pt

]
+

δpβ

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]

= − (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
− Etp̂

p
t+1

)
+ δpβ
(
Etv̂

p
t+1 −Etπ̂

p
t+1

)

• Equivalently:

δpβEtp̂
p
t+1 − p̂pt +

δpβ

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]
(30)

= − (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

)
+ δpβEtv̂

p
t+1 − δpβEtπ̂

p
t+1
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5.5.2 Quasi-Differencing for vpt -Equation (26)

• Rewrite (26) as:

p̂pt +
(1 + δpβ)

(1− δpβ)
v̂pt =

(1− δpβ)
2

δpβ
Et

∞∑

k=0

(δpβ)
k k

[
m̂ct+k + µ̂p

t+k

(1 + φpµ̄pσ̄p)
+ Π̂p

t,k

]

• Write out terms:

p̂pt +
(1 + δpβ)

(1− δpβ)
v̂pt =

(
(1− δpβ)

2

δpβ

)
∗

Et

[
(δpβ)

(
m̂ct+1 + µ̂p

t+1

(1 + φpµ̄pσ̄p)
+ π̂p

t+1

)
+ 2 (δpβ)

2

(
m̂ct+2 + µ̂p

t+2

(1 + φpµ̄pσ̄p)
+ π̂p

t+1 + π̂p
t+2

)

+3 (δpβ)
3

(
m̂ct+3 + µ̂p

t+3

(1 + φpµ̄pσ̄p)
+ π̂p

t+1 + π̂p
t+2 + π̂p

t+3

)
+ .....

]

• Multiply the last equation by δpβ, and lead by one period:

δpβEtp̂
p
t+1 +

δpβ(1 + δpβ)

(1− δpβ)
Etv̂

p
t+1 =

(
(1− δpβ)

2

δpβ

)
∗

Et

[
(δpβ)

2

(
m̂ct+2 + µ̂p

t+2

(1 + φpµ̄pσ̄p)
+ π̂p

t+2

)
+ 2 (δpβ)

3

(
m̂ct+3 + µ̂p

t+3

(1 + φpµ̄pσ̄p)
+ π̂p

t+2 + π̂p
t+3

)
+ .....

]

• Deduct the last equation from the preceding one:

[
p̂pt − δpβEtp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − δpβEtv̂

p
t+1

]
=

(
(1− δpβ)

2

δpβ

)
∗

Et

[
(δpβ)

m̂ct+1 + µ̂p
t+1

(1 + φpµ̄pσ̄p)
+ (δpβ)

2

(
m̂ct+2 + µ̂p

t+2

(1 + φpµ̄pσ̄p)
+ π̂p

t+2

)
+ (δpβ)

3

(
m̂ct+3 + µ̂p

t+3

(1 + φpµ̄pσ̄p)
+ π̂p

t+2 + π̂p
t+3

)
+ ...

+π̂p
t+1

(
δpβ + 2 (δpβ)

2 + 3 (δpβ)
3 + ...
)]

• Use (21) for the final term:

Etπ̂
p
t+1

(
(1− δpβ)

2

δpβ

)
(
δpβ + 2 (δpβ)

2 + 3 (δpβ)
3 + ...
)
= Etπ̂

p
t+1

• Simplify:

[
p̂pt − δpβEtp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − δpβEtv̂

p
t+1

]
= Etπ̂

p
t+1 +
(
(1− δpβ)

2) ∗

Et

[
m̂ct+1 + µ̂p

t+1

(1 + φpµ̄pσ̄p)
+ (δpβ)

(
m̂ct+2 + µ̂p

t+2

(1 + φpµ̄pσ̄p)
+ π̂p

t+2

)
+ (δpβ)

2

(
m̂ct+3 + µ̂p

t+3

(1 + φpµ̄pσ̄p)
+ π̂p

t+2 + π̂p
t+3

)
+ ...

]
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• Rewrite:

[
p̂pt − δpβEtp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − δpβEtv̂

p
t+1

]
= Etπ̂

p
t+1 +
(
(1− δpβ)

2) ∗
[
Et

∞∑

k=0

(δpβ)
k m̂ct+1+k + µ̂p

t+1+k

(1 + φpµ̄pσ̄p)
+ Et

[
(δpβ) π̂

p
t+2 + (δpβ)

2 (π̂p
t+2 + π̂p

t+3

)
+ ...
]
]

• The final term can be rewritten using (29):

Et

[
(δpβ) π̂

p
t+2 + (δpβ)

2 (π̂p
t+2 + π̂p

t+3

)
+ ...
]
=

∞∑

k=1

(δpβ)
k Π̂p

t+1,k

• Then we have:

[
p̂pt − δpβEtp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − δpβEtv̂

p
t+1

]
=

Etπ̂
p
t+1 +
(
(1− δpβ)

2)Et

[
∞∑

k=0

(δpβ)
k m̂ct+1+k + µ̂p

t+1+k

(1 + φpµ̄pσ̄p)
+

∞∑

k=1

(δpβ)
k Π̂p

t+1,k

]

• Now we can replace the right-hand side using (28):

[
p̂pt − δpβEtp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − δpβEtv̂

p
t+1

]

= Etπ̂
p
t+1 + (1− δpβ)Etp̂

p
t+1 + δpβEtv̂

p
t+1

• Further simplification:

[
p̂pt − Etp̂

p
t+1 + (1− δpβ)Etp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − Etv̂

p
t+1 + (1− δpβ)Etv̂

p
t+1

]

= Etπ̂
p
t+1 + (1− δpβ)Etp̂

p
t+1 + δpβEtv̂

p
t+1

• Cancel terms:

[
p̂pt −Etp̂

p
t+1

]
+
(1 + δpβ)

(1− δpβ)

[
v̂pt − Etv̂

p
t+1

]

= Etπ̂
p
t+1 − Etv̂

p
t+1

• Equivalently:

[
Etp̂

p
t+1 − p̂pt

]
+
(1 + δpβ)

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]

= Etv̂
p
t+1 − Etπ̂

p
t+1
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• Equivalently:

Etp̂
p
t+1 = p̂pt + Etv̂

p
t+1 −Etπ̂

p
t+1 −

(1 + δpβ)

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]
(31)

• Equivalently:

Etp̂
p
t+1 − p̂pt =

−2δpβ
(1− δpβ)

Etv̂
p
t+1 − Etπ̂

p
t+1 +

(1 + δpβ)

(1− δpβ)
v̂pt (32)

5.5.3 Combine (30) and (31)

• (30) for ease of reference:

δpβEtp̂
p
t+1 − p̂pt +

δpβ

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]

= − (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

)
+ δpβEtv̂

p
t+1 − δpβEtπ̂

p
t+1

• Plug in (31):

δpβ

[
p̂pt + Etv̂

p
t+1 −Etπ̂

p
t+1 −

(1 + δpβ)

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]]

−p̂pt +
δpβ

(1− δpβ)

[
Etv̂

p
t+1 − v̂pt

]

= − (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

)
+ δpβEtv̂

p
t+1 − δpβEtπ̂

p
t+1

• Equivalently:

(δpβ − 1) p̂pt + δpβEtv̂
p
t+1 − δpβEtπ̂

p
t+1 +

δpβ

(1− δpβ)
(1− 1− δpβ)

(
Etv̂

p
t+1 − v̂pt

)

= − (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

)
+ δpβEtv̂

p
t+1 − δpβEtπ̂

p
t+1

• Cancel terms and multiply by −1:
(1− δpβ) p̂

p
t +

(δpβ)
2

(1− δpβ)

(
Etv̂

p
t+1 − v̂pt

)

= (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

)

• Simplify further:
(δpβ)

2

(1− δpβ)

(
Etv̂

p
t+1 − v̂pt

)
= (1− δpβ)

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
− p̂pt

)

• Preliminary difference equation for v̂pt :
(
Etv̂

p
t+1 − v̂pt

)
=
(1− δpβ)

2

(δpβ)
2

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
− p̂pt

)
(33)
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6 THE PRICE INDEX

6.1 Formula for the Index

• Price Level:

Pt =

[
(1− δp)

∞∑

s=0

δsp [V
p
t−s(v

p
t−s)

s]1−σ
p
t

] 1

1−σ
p
t

• Deflate by current target price level P ∗
t and write out terms (P̌t = Pt/P

∗
t , V̌ p

t =
V p
t /P ∗

t ):

(
P̌t

)1−σ
p
t = (1− δp)

(
V̌ p
t

)1−σ
p
t + (1− δp)δp

(
V̌ p
t−1

)1−σ
p
t

(
vpt−1
π∗t

)1−σ
p
t

+(1−δp)δ
2
p

(
V̌ p
t−2

)1−σ
p
t

((
v̂ppt−2
)2

π∗tπ
∗
t−1

)(1−σ
p
t )

+(1−δp)δ
3
p

(
V̌ p
t−3

)1−σ
p
t

( (
vpt−3
)3

π∗tπ
∗
t−1π

∗
t−2

)(1−σ
p
t )

+ ...

• Divide by P̌t−1:

(
P̌t

P̌t−1

)1−σ
p
t

= (1− δp)

(
V̌ p
t

P̌t

)1−σ
p
t
(

P̌t

P̌t−1

)1−σ
p
t

+(1− δp)δp

(
V̌ p
t−1

P̌t−1

)1−σ
p
t (

vpt−1
π∗t

)1−σ
p
t

+(1− δp)δ
2
p

(
V̌ p
t−2

P̌t−2

)1−σ
p
t (

P̌t−2

P̌t−1

)1−σ
p
t

((
vpt−2
)2

π∗tπ
∗
t−1

)(1−σ
p
t )

+(1− δp)δ
3
p

(
V̌ p
t−3

P̌t−3

)1−σ
p
t (

P̌t−3

P̌t−2

)1−σ
p
t
(

P̌t−2

P̌t−1

)1−σ
p
t

( (
vpt−3
)3

π∗tπ
∗
t−1π

∗
t−2

)(1−σ
p
t )

+ ...
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• Use P̌t/P̌t−1 = π̌p
t =

π
p
t

π∗t
(this is the deviation of gross inflation from its target):

(π̌p
t )
1−σ

p
t = (1− δp) (pt)

1−σ
p
t (π̌p

t )
1−σ

p
t

+(1− δp)δp (pt−1)
1−σ

p
t

(
vpt−1
π∗t

)1−σ
p
t

+(1− δp)δ
2
p (pt−2)

1−σ
p
t

(
1

π̌p
t−1

)1−σ
p
t

((
vpt−2
)p

π∗tπ
∗
t−1

)(1−σ
p
t )

+(1− δp)δ
3
p (pt−3)

1−σ
p
t

(
1

π̌p
t−2

)1−σ
p
t
(
1

π̌p
t−1

)1−σ
p
t

( (
vpt−3
)3

π∗tπ
∗
t−1π

∗
t−2

)(1−σ
p
t )

+ ...

• Divide through by (π̌p
t )
1−σ

p
t :

1 = (1− δp)p
1−σ

p
t

t

+(1− δp)δpp
1−σ

p
t

t−1

(
vpt−1
π̌p
tπ
∗
t

)1−σ
p
t

+(1− δp)δ
2
pp
1−σ

p
t

t−2

( (
vpt−2
)2

π̌p
t−1π̌

p
tπ
∗
t−1π

∗
t

)1−σ
p
t

+(1− δp)δ
3
pp
1−σ

p
t

t−3

( (
vpt−3
)3

π̌p
t−2π̌

p
t−1π̌

p
tπ
∗
t−2π

∗
t−1π

∗
t

)1−σ
p
t

+ ...

• Let v̌pt−1 = vpt−1/π
∗
t−1, the deviation of firm-specific gross inflation from the inflation

target, and use π∗t/π
∗
t−1 = επ

∗

t :

1 = (1− δp)p
1−σ

p
t

t (34)

+(1− δp)δpp
1−σ

p
t

t−1

(
v̌pt−1
π̌p
t ε

π∗
t

)1−σ
p
t

+(1− δp)δ
2
pp
1−σ

p
t

t−2

( (
v̌pt−2
)2

π̌p
t−1π̌

p
t

(
επ

∗

t−1

)2
επ

∗

t

)1−σ
p
t

+(1− δp)δ
3
pp
1−σ

p
t

t−3

( (
v̌pt−3
)3

π̌p
t−2π̌

p
t−1π̌

p
t

(
επ

∗

t−2

)3 (
επ

∗

t−1

)2
επ

∗

t

)1−σ
p
t

+ ...
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6.2 Linearize (34)

• Linearize:

0 = (1− δp) (1− σp
t ) p̂

p
t

+(1− δp) (1− σp
t ) δp
(
p̂pt−1 + v̂pt−1 − π̂p

t − ε̂π
∗

t

)

+(1− δp) (1− σp
t ) δ

2
p

(
p̂pt−2 + 2v̂

p
t−2 − π̂p

t−1 − π̂p
t − 2ε̂π

∗

t−1 − ε̂π
∗

t

)

+(1− δp) (1− σp
t ) δ

3
p

(
p̂pt−3 + 3v̂

p
t−3 − π̂p

t−2 − π̂p
t−1 − π̂p

t − 3ε̂π
∗

t−2 − 2ε̂π
∗

t−1 − ε̂π
∗

t

)
+ ...

• Cancel terms and bring π̂p
t onto left-hand side:

π̂p
t

(
δp + δ2p + δ3p + ...

)
= p̂pt + δp

(
p̂pt−1 + v̂pt−1 − ε̂π

∗

t

)

+δ2p
(
p̂pt−2 + 2v̂

p
t−2 − π̂p

t−1 − 2ε̂π
∗

t−1 − ε̂π
∗

t

)
+δ3p
(
p̂pt−3 + 3v̂

p
t−3 − π̂p

t−2 − π̂p
t−1 − 3ε̂π

∗

t−2 − 2ε̂π
∗

t−1 − ε̂π
∗

t

)
+...

• Equivalently:

π̂p
t =

1− δp
δp

p̂pt+(1− δp)
(
p̂pt−1 + v̂pt−1 − ε̂π

∗

t

)
+(1− δp) δp

(
p̂pt−2 + 2v̂

p
t−2 − π̂p

t−1 − 2ε̂π
∗

t−1 − ε̂π
∗

t

)

+(1− δp) δ
2
p

(
p̂pt−3 + 3v̂

p
t−3 − π̂p

t−2 − π̂p
t−1 − 3ε̂π

∗

t−2 − 2ε̂π
∗

t−1 − ε̂π
∗

t

)
+ ...

6.3 Quasi-Differencing

• Lag the last equation and multiply by δp:

δpπ̂
p
t−1 = (1− δp) p̂

p
t−1 + (1− δp) δp

(
p̂pt−2 + v̂pt−2 − ε̂π

∗

t−1

)

+(1− δp) δ
2
p

(
p̂pt−3 + 2v̂

p
t−3 − π̂p

t−2 − 2ε̂π
∗

t−2 − ε̂π
∗

t−1

)
+ ...

• Deduct the last equation from the preceding one:

π̂p
t − δpπ̂

p
t−1 =

1− δp
δp

p̂pt + (1− δp)
(
v̂pt−1 − ε̂π

∗

t

)
+ (1− δp) δp

(
v̂pt−2 − π̂p

t−1 − ε̂π
∗

t−1 − ε̂π
∗

t

)

+(1− δp) δ
2
p

(
v̂pt−3 − π̂p

t−1 − ε̂π
∗

t−2 − ε̂π
∗

t−1 − ε̂π
∗

t

)
+ ...

• Equivalently:

π̂p
t − δpπ̂

p
t−1 =

1− δp
δp

p̂pt − δpπ̂
p
t−1 + (1− δp)

(
v̂pt−1 − ε̂π

∗

t

)
+ (1− δp) δp

(
v̂pt−2 − ε̂π

∗

t−1 − ε̂π
∗

t

)

+(1− δp) δ
2
p

(
v̂pt−3 − ε̂π

∗

t−2 − ε̂π
∗

t−1 − ε̂π
∗

t

)
+ ...

• Equivalently:

π̂p
t =

1− δp
δp

p̂pt + (1− δp)
(
v̂pt−1 − ε̂π

∗

t

)
+ (1− δp) δp

(
v̂pt−2 − ε̂π

∗

t−1 − ε̂π
∗

t

)

+(1− δp) δ
2
p

(
v̂pt−3 − ε̂π

∗

t−2 − ε̂π
∗

t−1 − ε̂π
∗

t

)
+ ...
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• We finally obtain the key expression discussed at some length in the paper:

π̂p
t =

1− δp
δp

p̂pt + ψ̂
p

t (35)

ψ̂
p

t = (1− δp)
(
v̂pt−1 − ε̂π

∗

t

)
+(1− δp) δp

(
v̂pt−2 − ε̂π

∗

t−1 − ε̂π
∗

t

)
+(1− δp) δ

2
p

(
v̂pt−3 − ε̂π

∗

t−2 − ε̂π
∗

t−1 − ε̂π
∗

t

)
+...

6.4 The Auxiliary Variable ψ̂
p

t

• Lag the last equation and multiply by δp:

δpψ̂
p

t−1 = (1− δp)δp
(
v̂pt−2 − ε̂π

∗

t−1

)
+ (1− δp)δ

2
p

(
v̂pt−3 − ε̂π

∗

t−2 − ε̂π
∗

t−1

)
+ ...

• Deduct the last equation from the preceding one:

ψ̂
p

t = δpψ̂
p

t−1 + (1− δp)v̂
p
t−1 − ε̂π

∗

t (36)

• Also, for future reference:(
Etψ̂

p

t+1 − ψ̂
p

t

)
= (1− δp)v̂

p
t − (1− δp) ψ̂

p

t (37)

• Finally we will also be able to use (35) to substitute p̂pt out of equation (33):

p̂pt =
δp

1− δp

(
π̂p
t − ψ̂

p

t

)
(38)

6.5 More Intuition for (36)

• Assume that we incorrectly linearize (34) around the period t inflation target π∗t regard-

less of the time subscript of the variables. We get the following, after changing notation

to distinguish this linearization from (36):

ψ̂t = δpψ̂t−1 + (1− δp)v̂
p
t−1 (39)

• Note that for v̂pt−1 we have (the same holds for ψ̂t−1)

v̂pt−1 = ln(vpt−1)− ln(π∗t ) , while

v̂pt−1 = ln(vpt−1)− ln(π∗t−1)

• This implies that (again similarly for ψ̂t−1)

v̂pt−1 = v̂pt−1 − ε̂π
∗

t

• Also
ψ̂t = ψ̂

p

t

• Substituting the foregoing into (39) we obtain (36):

ψ̂
p

t = δpψ̂
p

t−1 + (1− δp)v̂
p
t−1 − ε̂π

∗

t
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7 FINAL INFLATION DYNAMICS

7.1 Final Equation for v̂pt

• Equation (33) reproduced for ease of reference:

(
Etv̂

p
t+1 − v̂pt

)
=
(1− δpβ)

2

(δpβ)
2

(
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)
− p̂pt

)

• Plug (38) into this:

Etv̂
p
t+1 = v̂pt +

(1− δpβ)
2

(δpβ)
2

δp
1− δp

ψ̂
p

t −
(1− δpβ)

2

(δpβ)
2

δp
1− δp

π̂p
t +

(1− δpβ)
2

(δpβ)
2

m̂ct + µ̂p
t

(1 + φpµ̄pσ̄p)
(40)

7.2 Final Equation for π̂p
t

• Deduct (35) from its once led version to get:

(
Etπ̂

p
t+1 − π̂p

t

)
=
1− δp

δp

(
Etp̂

p
t+1 − p̂pt

)
+
(
Etψ̂

p

t+1 − ψ̂
p

t

)

• To substitute for the first term on the right-hand side, use (32), which we reproduce

here:

Etp̂
p
t+1 − p̂pt =

−2δpβ
(1− δpβ)

Etv̂
p
t+1 − Etπ̂

p
t+1 +

(1 + δpβ)

(1− δpβ)
v̂pt

• To substitute for the second term on the right-hand side, use (37), which we reproduce

here: (
Etψ̂

p

t+1 − ψ̂
p

t

)
= (1− δp)v̂

p
t − (1− δp) ψ̂

p

t

• Substitute: (
Etπ̂

p
t+1 − π̂p

t

)
= (1− δp)v̂

p
t − (1− δp) ψ̂

p

t

+
1− δp

δp

[ −2δpβ
(1− δpβ)

Etv̂
p
t+1 − Etπ̂

p
t+1 +

(1 + δpβ)

(1− δpβ)
v̂pt

]

• Equivalently:

Etπ̂
p
t+1

(
1 +

1− δp
δp

)
= π̂p

t−
1− δp

δp

2δpβ

(1− δpβ)
Etv̂

p
t+1+

(
1− δp

δp

(1 + δpβ)

(1− δpβ)
+ (1− δp)

)
v̂pt−(1− δp) ψ̂

p

t
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• Simplify and substitute from (40) for Etv̂
p
t+1:

Etπ̂
p
t+1

1

δp
= π̂p

t +

(
1− δp

δp

(1 + δpβ)

(1− δpβ)
+ (1− δp)

)
v̂pt − (1− δp) ψ̂

p

t

−1− δp
δp

2δpβ

(1− δpβ)

[
v̂pt +

(1− δpβ)
2

(δpβ)
2

δp
1− δp

ψ̂
p

t −
(1− δpβ)

2

(δpβ)
2

δp
1− δp

π̂p
t +

(1− δpβ)
2

(δpβ)
2

m̂ct + µ̂p
t

(1 + φpµ̄pσ̄p)

]

• Equivalently:

Etπ̂
p
t+1

1

δp
= π̂p

t

(
1 +

2 (1− δpβ)

(δpβ)

)
+v̂pt

(
1− δp

δp

(1 + δpβ)

(1− δpβ)
+ (1− δp)−

1− δp
δp

2δpβ

(1− δpβ)

)

−ψ̂
p

t

(
2 (1− δpβ)

(δpβ)
+ (1− δp)

)
− 1− δp

δp

2 (1− δpβ)

(δpβ)

m̂ct + µ̂p
t

(1 + φpµ̄pσ̄p)

• Equivalently:

Etπ̂
p
t+1

1

δp
= π̂p

t

(
δpβ + 2− 2δpβ

δpβ

)
+ v̂pt

(
1− δp

δp

(1 + δpβ − 2δpβ)
(1− δpβ)

+ (1− δp)

)

−ψ̂
p

t

(
2− 2δpβ + δpβ − δ2pβ

δpβ

)
− 1− δp

δp

2 (1− δpβ)

(δpβ)

m̂ct + µ̂p
t

(1 + φpµ̄pσ̄p)

• Equivalently:

Etπ̂
p
t+1

1

δp
= π̂p

t

(
2− δpβ

δpβ

)
+ v̂pt

(
(1− δp)(1 + δp)

δp

)

−ψ̂
p

t

(
2− δpβ − δ2pβ

δpβ

)
− 1− δp

δp

2 (1− δpβ)

(δpβ)

m̂ct + µ̂p
t

(1 + φpµ̄pσ̄p)

• Equivalently:

Etπ̂
p
t+1 = π̂p

t

(
2

β
− δp

)
+ v̂pt ((1− δp) (1 + δp)) (41)

+ψ̂
p

t

(
δp(1 + δp)−

2

β

)
− 2(1− δp) (1− δpβ)

(δpβ) (1 + φpµ̄pσ̄p)
(m̂ct + µ̂p

t )
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8 THE CALVO-YUN CASE

8.1 Profit Maximization

• Pricing policy of firm j that reoptimizes at t, choosing V p
t and indexing to π∗t (the

current inflation target):

Pt+k(j) = V p
t Π

∗
t,k

• Define additional terms:

– Cumulative inflation targets:

Π∗t,k ≡
k∏

j=1

π∗t+j for k ≥ 1 (≡ 1 for k = 0)

– Cumulative lagged aggregate inflation deviation:

Π̂∗t,k ≡
k∑

j=1

π̂∗t+j for k ≥ 1 (≡ 0 for k = 0)

• Profit maximization:

Max
V
p
t

Et

∞∑

k=0

(δpβ)
k λt+k

[
V p
t Π

∗
t,k

PtΠt,k

yt+k(j)−mct+kyt+k(j)−
φp

2

(yt+k(j)− Yt+k)
2

Yt+k

]
, s.t.

yt+k(j) = Yt+k

(
V p
t Π

∗
t,k

PtΠt,k

)−σ
p
t+k

• Substitute constraints:

Max
V
p
t ,v

p
t

Et

∞∑

k=0

(δpβ)
k λt+k

[(
V p
t Π

∗
t,k

PtΠt,k

)1−σ
p
t+k

Yt+k −mct+k

(
V p
t Π

∗
t,k

PtΠt,k

)−σ
p
t+k

Yt+k −
φp

2

(yt+k(j)− Yt+k)
2

Yt+k

]

• FOC for V p
t , normalized by inflation target:

pt =
Et

∑∞
k=0 (δpβ)

k λ̌t+ky̌t+k(j)σ
p
t+k

(
mct+k + φp

(
y̌t+k(j)−Y̌t+k

Y̌t+k

))

Et

∑∞
k=0 (δpβ)

k λ̌t+ky̌t+k(j)(σ
p
t+k − 1)

(
1
Π̌t,k

) (42)

• Linearization of goods demand:
(
ŷt+k(j)− Ŷt+k

)
= −σ̄p

(
p̂pt − Π̂p

t,k

)
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• Rewrite (42):

ptEt

∞∑

k=0

(δpβ)
k λ̌t+ky̌t+k(j)(σ

p
t+k − 1)

(
1

Π̌t,k

)

= Et

∞∑

k=0

(δpβ)
k λ̌t+ky̌t+k(j)σ

p
t+k

(
mct+k + φp

(
y̌t+k(j)− Y̌t+k

Y̌t+k

))

• Linearization of (42):

p̂pt
1− δpβ

− Et

∞∑

k=0

(δpβ)
k Π̂p

t,k

= Et

∞∑

k=0

(δpβ)
k
[
m̂ct+k + µ̂p

t+k + φpµ̄p

(
ŷt+k(j)− Ŷt+k

)]

• Equivalently:

p̂pt
1− δpβ

− Et

∞∑

k=0

(δpβ)
k Π̂p

t,k = Et

∞∑

k=0

(δpβ)
k

(
m̂ct+k + µ̂p

t+k

)

(1 + φpµ̄pσ̄p)

• Equivalently:

p̂pt
1− δpβ

= Et

∞∑

k=0

(δpβ)
k

[(
m̂ct+k + µ̂p

t+k

)

(1 + φpµ̄pσ̄p)
+ Π̂p

t,k

]

• Quasi-Differencing:

p̂pt − δpβEtp̂
p
t+1 = (1− δpβ)

[
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

]
+ δpβEtπ̂

p
t+1 (43)

8.2 The Price Index

• Price Level:

Pt =

[
(1− δp)

∞∑

s=0

δsp
[
V p
t−sΠ

∗
t−s,s

]1−σ
p
t

] 1

1−σ
p
t

• Deflate by current target price level P ∗
t and write out terms (P̌t = Pt/P

∗
t , V̌ p

t =
V p
t /P ∗

t ):

(
P̌t

)1−σ
p
t = (1−δp)

(
V̌ p
t

)1−σ
p
t+(1−δp)δp

(
V̌ p
t−1

)1−σ
p
t+(1−δp)δ

2
p

(
V̌ p
t−2

)1−σ
p
t+(1−δp)δ

3
p

(
V̌ p
t−3

)1−σ
p
t+...
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• Divide by P̌t−1:

(
P̌t

P̌t−1

)1−σ
p
t

= (1− δp)

(
V̌ p
t

P̌t

)1−σ
p
t
(

P̌t

P̌t−1

)1−σ
p
t

+(1− δp)δp

(
V̌ p
t−1

P̌t−1

)1−σ
p
t

+(1− δp)δ
2
p

(
V̌ p
t−2

P̌t−2

)1−σ
p
t (

P̌t−2

P̌t−1

)1−σ
p
t

+(1− δp)δ
3
p

(
V̌ p
t−3

P̌t−3

)1−σ
p
t (

P̌t−3

P̌t−2

)1−σ
p
t
(

P̌t−2

P̌t−1

)1−σ
p
t

+ ...

• Use P̌t/P̌t−1 = π̌p
t =

π
p
t

π∗t
:

(π̌p
t )
1−σ

p
t = (1− δp) (pt)

1−σ
p
t (π̌p

t )
1−σ

p
t

+(1− δp)δp (pt−1)
1−σ

p
t

+(1− δp)δ
2
p (pt−2)

1−σ
p
t

(
1

π̌p
t−1

)1−σ
p
t

+(1− δp)δ
3
p (pt−3)

1−σ
p
t

(
1

π̌p
t−2

)1−σ
p
t
(
1

π̌p
t−1

)1−σ
p
t

+ ...

• Divide through by (π̌p
t )
1−σ

p
t :

1 = (1− δp)p
1−σ

p
t

t

+(1− δp)δpp
1−σ

p
t

t−1

(
1

π̌p
t

)1−σ
p
t

+(1− δp)δ
2
pp
1−σ

p
t

t−2

(
1

π̌p
t−1π̌

p
t

)1−σ
p
t

+(1− δp)δ
3
pp
1−σ

p
t

t−3

(
1

π̌p
t−2π̌

p
t−1π̌

p
t

)1−σ
p
t

+ ...

• Linearize:

0 = p̂pt + δp
(
p̂pt−1 − π̂p

t

)
+ δ2p
(
p̂pt−2 − π̂p

t−1 − π̂p
t

)
+ δ3p
(
p̂pt−3 − π̂p

t−2 − π̂p
t−1 − π̂p

t

)
+ ...

• Cancel terms and bring π̂p
t onto left-hand side:

π̂p
t

(
δp + δ2p + δ3p + ...

)
= p̂pt + δpp̂

p
t−1 + δ2p

(
p̂pt−2 − π̂p

t−1

)
+ δ3p
(
p̂pt−3 − π̂p

t−2 − π̂p
t−1

)
+ ...
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• Equivalently:

π̂p
t =

1− δp
δp

p̂pt+(1− δp) p̂
p
t−1+(1− δp) δp

(
p̂pt−2 − π̂p

t−1

)
+(1− δp) δ

2
p

(
p̂pt−3 − π̂p

t−2 − π̂p
t−1

)
+...

• Lag the last equation and multiply by δp:

δpπ̂
p
t−1 = (1− δp) p̂

p
t−1 + (1− δp) δpp̂

p
t−2 + (1− δp) δ

2
p

(
p̂pt−3 − π̂p

t−2

)
+

• Deduct the last equation from the preceding one:

π̂p
t =

1− δp
δp

p̂pt (44)

8.3 Final Inflation Dynamics

• Plug (44) into (43):

δp
1− δp

π̂p
t − δpβ

δp
1− δp

Etπ̂
p
t+1 = (1− δpβ)

[
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

]
+ δpβEtπ̂

p
t+1

• Simplify:

π̂p
t = βEtπ̂

p
t+1 +

(1− δpβ)(1− δp)

δp

[
m̂ct + µ̂p

t

(1 + φpµ̄pσ̄p)

]
(45)

• This is the New Keynesian Phillips Curve for the Calvo-Yun case, which replaces the

three equation pricing block of the optimal indexation system.
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9 HOUSEHOLD WAGE SETTING

9.1 Utility Maximization

• Wage setting policy of a worker i that reoptimizes at t, choosing V w
t and vwt (a gross

wage inflation rate):

Wt+k(i) = V w
t (v

w
t )

k

• Define terms:

– Front-loading term:

pwt ≡
V w
t

Wt

– Real wage:

wt =
Wt

Pt

– Wage inflation rates re-scaled by the inflation target, with π̌w
t = πw

t /π
∗
t .

– Cumulative aggregate rescaled wage inflation:

Π̌w
t,k = Π

k
j=1π̌

w
t+j for k ≥ 1 (≡ 1 for k = 0)

– Cumulative aggregate rescaled wage inflation deviation:

Π̂w
t,k = Σ

k
j=1π̂

w
t+j for k ≥ 1 (≡ 0 for k = 0)

• Utility maximization - relevant part of the problem:

Max
V w
t ,vwt

Et

∞∑

k=0

(δwβ)
k

[
−ψSL

t

(Lt+k(i))
1+ 1

η

1 + 1
η

+ λt+k

V w
t (v

w
t )

k

Wt+k

Wt+k

Pt+k

Lt+k(i)

−λt+k

φw

2

Wt+k

Pt+k

(Lt+k(i)− ℓt+k)
2

ℓt+k

]
, s.t.

Lt+k(i) = ℓt+k

(
V w
t (v

w
t )

k

Wt+k

)−σwt
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9.2 First-Order Conditions

• Real wage rescaled by technology, with w̌t = wt/S
y
t .

• Firm specific wage inflation rescaled by the inflation target v̌wt = vwt /π∗t .

– By the unit root property we can ignore future changes in the inflation target (see

discussion above for firms):

Etv̂
w
t+k = Et

(
ln
(
vwt+k

)
− ln(π∗t+k)

)
= Et

(
ln
(
vwt+k

)
− ln(π∗t )

)

• FOC for V w
t :

Et

∞∑

k=0

(δwβ)
k λ̌t+kLt+k(i)

(
w̌t+k

(
σw
t+k − 1

)
pwt
(v̌wt )

k

Π̌w
t,k

− φww̌t+kσ
w
t+k

(
Lt+k(i)− ℓt+k

ℓt+k

))

= Et

∞∑

k=0

(δwβ)
k ψσw

t+kS
L
t+k (Lt+k(i))

1+ 1

η (46)

• FOC w.r.t. vwt :

Et

∞∑

k=0

(δwβ)
k kλ̌t+kLt+k(i)

(
w̌t+k

(
σw
t+k − 1

)
pwt
(v̌wt )

k

Π̌w
t,k

− φww̌t+kσ
w
t+k

(
Lt+k(i)− ℓt+k

ℓt+k

))

= Et

∞∑

k=0

(δwβ)
k kψσw

t+kS
L
t+k (Lt+k(i))

1+ 1

η (47)
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9.3 Linearization

9.3.1 Linearization for V w
t

• First step:

Et

∞∑

k=0

(δwβ)
k
[
λ̂t+k + L̂t+k(i) + ŵt+k +

(
p̂wt + kv̂wt − Π̂w

t,k

)]

= Et

∞∑

k=0

(δwβ)
k

[
µ̂w
t+k + ŜL

t+k +

(
1 +

1

η

)
L̂t+k(i) + φwµ̄w

(
L̂t+k(i)− ℓ̂t+k

)]

• Linearization of labor demand:(
L̂t+k(i)− ℓ̂t+k

)
= −σ̄w

(
p̂wt + kv̂wt − Π̂w

t,k

)

• Marginal rate of substitution:

– MRS in levels:

mrst =
SL
t ψLt(i)

1

η

λt

– Log-linearized:

m̂rst =
1

η
L̂t(i) + ŜL

t − λ̂t

– Combine with the expression for labor demand (note that, for contemporaneous

terms, k = 0):

m̂rst =
1

η
ℓ̂t −

σ̄w

η
p̂wt + ŜL

t − λ̂t

• Combine the above:

Et

∞∑

k=0

(δwβ)
k
(
p̂wt + kv̂wt − Π̂w

t,k

)
= Et

∞∑

k=0

(δwβ)
k

(
m̂rst+k − ŵt+k + µ̂w

t+k

)

(1 + φwµ̄wσ̄w)

• Apply formulas (21) and (22):

p̂wt
1− δwβ

+
v̂wt δwβ

(1− δwβ)
2 = Et

∞∑

k=0

(δwβ)
k

[(
m̂rst+k − ŵt+k + µ̂w

t+k

)

(1 + φwµ̄wσ̄w)
+ Π̂w

t,k

]
(48)

• With the appropriate change in notation this is exactly identical to equation (25) for

price setting, after replacing
(
m̂ct+k + µ̂t+k

)
/
(
1 + φpµ̄pσ̄p

)
with
(
m̂rst+k − ŵt+k + µ̂w

t+k

)
/

(1 + φwµ̄wσ̄w).

37



9.3.2 Linearization for vwt

• First step:

Et

∞∑

k=0

(δwβ)
k k
[
λ̂t+k + L̂t+k(i) + ŵt+k +

(
p̂wt + kv̂wt − Π̂w

t,k

)]

= Et

∞∑

k=0

(δwβ)
k k

[
µ̂w
t+k + ŜL

t+k +

(
1 +

1

η

)
L̂t+k(i) + φwµ̄w

(
L̂t+k(i)− ℓ̂t+k

)]

• Combine with the above:

Et

∞∑

k=0

(δwβ)
k k
(
p̂wt + kv̂wt − Π̂w

t,k

)
= Et

∞∑

k=0

(δwβ)
k k

(
m̂rst+k − ŵt+k + µ̂w

t+k

)

(1 + φwµ̄wσ̄w)

• Apply formulas (21) and (22):

p̂wt δwβ

(1− δwβ)
2 +

v̂wt δwβ(1 + δwβ)

(1− δwβ)
3 (49)

= Et

∞∑

k=0

(δwβ)
k k

[(
m̂rst+k − ŵt+k + µ̂w

t+k

)

(1 + φwµ̄wσ̄w)
+ Π̂w

t,k

]

• With the appropriate change in notation this is exactly identical to equation (26) for

price setting, after replacing
(
m̂ct+k + µ̂p

t+k

)
/
(
1 + φpµ̄pσ̄p

)
with
(
m̂rst+k − ŵt+k + µ̂w

t+k

)
/

(1 + φwµ̄wσ̄w).
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9.4 Final Wage Inflation Dynamics

• Given the identical forms of (48)/(25) and (49)/(26), we obtain after quasi-differencing

as the end result an equation analogous to (33):

(
Etv̂

w
t+1 − v̂wt

)
=
(1− δwβ)

2

(δwβ)
2

(
(m̂rst − ŵt + µ̂w

t )

(1 + φwµ̄wσ̄w)
− p̂wt

)
(50)

• Furthermore, the derivation of the wage index is identical to that for the price index

above. The correct expression for wage inflation is:

π̂w
t = ŵt − ŵt−1 + ĝt − π̂p

t (51)

• Furthermore, the derivation of the wage index is identical to that for the price index

above. We get:

π̂w
t =

1− δw
δw

p̂wt + ψ̂
w

t (52)

ψ̂
w

t = δwψ̂
w

t−1 + (1− δw)v̂
w
t−1 − ε̂π

∗

t (53)

• Combining this with the results of quasi-differencing we obtain the equations for Etv̂
w
t+1

and Etπ̂
w
t+1:

Etv̂
w
t+1 = v̂wt +

(1− δwβ)
2

(δwβ)
2

δw
1− δw

ψ̂
w

t −
(1− δwβ)

2

(δwβ)
2

δw
1− δw

π̂w
t (54)

+
(1− δwβ)

2

(δwβ)
2

(m̂rst − ŵt + µ̂w
t )

(1 + φwµ̄wσ̄w)

Etπ̂
w
t+1 = π̂w

t

(
2

β
− δw

)
+ v̂wt ((1− δw) (1 + δw)) (55)

+ψ̂
w

t

(
δw(1 + δw)−

2

β

)
− 2(1− δw) (1− δwβ)

(δwβ)

(m̂rst − ŵt + µ̂w
t )

(1 + φwµ̄wσ̄w)

• We can also use (52) to get a final expression for the marginal rate of substitution:

m̂rst =
1

η
ℓ̂t −

σw

η

δw
1− δw

π̂w
t +

σw

η

δw
1− δw

ψ̂
w

t + ŜL
t − λ̂t (56)

9.5 The Calvo-Yun Case

By analogy with the derivation under price setting we obtain the following for wage setting:

π̂wt = βEtπ̂
w
t+1 +

(1− δwβ)(1− δw)

δw

(
m̂rst − ŵt + µ̂wt
(1 + φwµ̄wσ̄w)

)
(57)
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10 GOVERNMENT AND MARKET CLEARING

• Interest rate rule in levels:

– Re-scaled by dividing through by π∗t .

– Remember that ǐt = it/π
∗
t .

– Let r̄ = ḡ/β.

(
it
π∗t

)4
=

[(
it−1
π∗t−1

π∗t−1
π∗t

)4]θint [
r̄4

πp
t+3π

p
t+2π

p
t+1π

p
t

(π∗t )
4

]1−θint+θπ [
Y̌t+3

Y̌t−1

]θy

– Equivalently:

(̌
it
)4
=

[(
ǐt−1
επ

∗

t

)4]θint [
r̄4π̌p

t+3π̌
p
t+2π̌

p
t+1π̌

p
t

]1−θint+θπ
[
Y̌t+3

Y̌t−1

]θy

• Linearized interest rate rule:

ı̂t = θint
(
ı̂t−1 − ε̂π

∗

t

)
+ (1− θint + θπ)Et

(
π̂p
t+3 + π̂p

t+2 + π̂p
t+1 + π̂p

t

4

)
(58)

+θyEt

(
Ŷt+3 − Ŷt−1

4

)
+

Ŝint
t

4

• Real Interest Rate:

r̂t = ı̂t −Etπ̂
p
t+1 (59)

• Steady State Spending = Fixed Fraction of GDP:

GOV = sgȲ

GǑVt = Sgov
t GOV

• Goods Market Clearing:

– In levels:

Yt = Ct + It +GOVt

– Rescaled by technology:

Y̌t = Čt + Ǐt +GǑVt

– Linearization:

Ȳ Ŷt = C̄Ĉt + Ī Ît +GOV Ŝg
t (60)
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11 STATIONARY EXOGENOUS SHOCKS

• Firm Risk:

Ŝσ
t = ρσŜσ

t−1 + ε̂σt (61)

• Consumption:

Ŝc
t = ρcŜc

t−1 + ε̂ct (62)

• Labor Supply:

ŜL
t = ρLŜL

t−1 + ε̂Lt (63)

• Investment Demand:

Ŝinv
t = ρinvŜinv

t−1 + ε̂invt (64)

• Government Spending:

Ŝgov
t = ρgovŜgov

t−1 + ε̂govt (65)

• Monetary Policy:

Ŝint
t = ρintŜint

t−1 + ε̂intt (66)

• Goods Mark-Up:

µ̂p
t = ε̂µ

p

(67)

• Labor Mark-Up:

µ̂w
t = ε̂µ

w

(68)
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12 COMPLETE DYNAMIC SYSTEM

12.1 Steady State and Parameter Calibration

12.1.1 Calibrated Directly

v = 0.7 (Habit Persistence)

η = 0.5 (Labor Supply Elasticity)

φI = 0.7 (Investment Adjustment Costs)

σa = 15 (Capacity Utilization Elasticity)

δp = 0.75 (Calvo delta for Prices)

δw = 0.75 (Calvo delta for Wages)

µ̄p = 1.23 (Price Markup) (SS2)

µ̄w = 1.16 (Wage Markup) (SS2)

φp = 0.75 (Deviation Cost for Prices)

φw = 0.75 (Deviation Cost for Wages)

θint = 0.75 (Interest Rate Smoothing)

θπ = 0.25 (One minus Inflation Coefficient)

L̄ = 1/3 (Labor Supply, ψ is endogenous to that choice) (SS1)

sL = 0.64 (Labor Share - after adjusting for markups) (SS3)

sG = 0.18

β = 0.99 (SS4)

ḡ = 1.005 (SS5)

q̄ = 1 (SS6)

42



∆ = 0.025

ω = 0.479 (preliminary, from GIMF) (SS7)

σ̄ = 0.452 (preliminary, from GIMF) (SS8)

ξ̄ = 0.357 (preliminary, from GIMF) (SS9)

12.1.2 Derived

r̄ =
ḡ

β
(SS10)

α = 1− µ̄psL (SS11)

mc =
1

µ̄p
(SS12)

z̄ =
ln(ω) + 1

2 σ̄
2

σ̄
(SS13)

Γ̄ =
1

2
erfc

(
σ̄ − z̄√
2

)
+ ω

(
1− 1

2
erfc

(−z̄√
2

))
(SS14)

Ḡ =
1

2
erfc

(
σ̄ − z̄√
2

)
(SS15)

f (ω) =
1√
2πωσ̄

exp

{
−1
2
z̄2
}

(SS16)

Γ̄ω = 1− 1
2
erfc

(−z̄√
2

)
(SS17)

Ḡω = ωf (ω) (SS18)

λ̃ =
Γ̄ω

Γ̄ω − ξ̄Ḡω
(SS19)

retk =
r̄λ̃

1− Γ̄ + λ̃
(
Γ̄− ξ̄Ḡ

) (SS20)

r̄k = retk − 1 +∆ (SS21)

Γ̄ωω = −f (ω) (SS22)
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Γ̄ωσ = f (ω)ω (z̄ − σ̄) (SS23)

Γ̄σ = −ω2σ̄f (ω) (SS24)

Ḡωω = −f (ω)
z̄

σ̄
(SS25)

Ḡωσ =
ω

σ̄
f (ω) [z̄ (z̄ − σ̄)− 1] (SS26)

Ḡσ = −ω2f (ω) z̄ (SS27)

A = α−α(1− α)−(1−α) (SS28)

w̄ =

(
mc

A (r̄k)
α

) 1

1−α

(SS29)

Ȳ =
w̄L̄

(1− α)mc
(SS30)

k̄ =
αmcȲ

r̄k
(SS31)

K̄ = k̄ḡ (SS32)

Ī =
(ḡ +∆− 1)

ḡ
K̄ (SS33)

GOV = sgȲ (SS34)

C̄ = Ȳ − Ī −GOV (SS35)

n̄ = K̄

(
1− retk

r̄k

(
Γ̄− ξ̄Ḡ

))
(SS36)

d =
r̄

ḡ
− 1 + K̄

ḡn̄

(
retk
(
1− ξ̄Ḡ

)
− r̄
)

(SS37)
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12.2 Demand Block

λ̂t = ı̂t +Et
(
λ̂t+1 − π̂pt+1 − ĝt+1

)
(D1)

Ŝct − Ĥt = λ̂t (D2)

Ĥt =
1

1− ν
ḡ

Ĉt −
ν
ḡ

1− ν
ḡ

(
Ĉt−1 − ĝt

)
(D3)

K̄K̂t = (1−∆)
K̄

ḡ

(
K̂t−1 − ĝt

)
+ Ī Ît−1 (D4)

q̂t = φI

(
Ît − Ît−1

)
− βφI

(
EtÎt+1 − Ît

)
+ Ŝinvt (D5)

r̂etk,t =
1−∆

1−∆+ r̄k
Etq̂t+1 − q̂t +

r̄k
1−∆+ r̄k

Etr̂k,t+1 (D6)

r̂k,t = σaût (D7)

0 =

(
K̄

n̄
− 1
)(

r̂et
m1

k,t − r̂m1t

)
−
(
q̂t−1 + K̂t−1 − n̂t−1

)
(D8)

+

(
K̄

n̄
− 1
)
Γ̄ω − ξ̄Ḡω

Γ̄− ξ̄Ḡ
ω̂̄ωt +
(
K̄

n̄
− 1
)
Γ̄σ − ξ̄Ḡσ

Γ̄− ξ̄Ḡ
σ̄σ̂t

0 = λ̃
(
r̂etk,t − r̂t

)
−
(
1− Γ̄
) r̄k

r̄

(
Γ̄ωω − λ̃

(
Γ̄ωω − ξ̄Ḡωω

)

Γ̄ω

)
ωEt ̂̄ωt+1 (D9)

+
r̄k

r̄

[
−Γσ + λ̃

(
Γ̄σ − ξ̄Ḡσ

)
−
(
1− Γ̄
)
(
Γ̄ωσ − λ̃

(
Γ̄ωσ − ξ̄Ḡωσ

)

Γ̄ω

)]
σ̄Etσ̂t+1

n̄ (1 + d) (n̂t + ĝt) (D10)

=
r̄

ḡ

(
n̄− K̄
)
r̂m1t +

r̄

ḡ
n̄n̂t−1 +

K̄

ḡ

(
retk
(
1− ξ̄Ḡ

)
− r̄
) (

q̂t−1 + K̂t−1

)

+
K̄

ḡ
retk
(
1− ξ̄Ḡ

) (
r̂et

m1

k,t

)
+

K̄

ḡ
retkξ̄
(
Ḡωω̂̄ωt + Ḡσσ̄σ̂t

)

r̂et
m1

k,t = r̂etk,t−1 (D11)

r̂m1t = r̂t−1 (D12)
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ψ̂
w

t = δwψ̂
w

t−1 + (1− δw)v̂
w
t−1 − ε̂π

∗

t (D13)

Etv̂
w
t+1 = v̂wt +

(1− δwβ)
2

(δwβ)
2

δw
1− δw

ψ̂
w

t −
(1− δwβ)

2

(δwβ)
2

δw
1− δw

π̂wt +
(1− δwβ)

2

(δwβ)
2

m̂rst − ŵt + µ̂wt
(1 + φwµ̄wσ̄w)

(D14)

Etπ̂
w
t+1 = π̂wt

(
2

β
− δw

)
+ v̂wt ((1− δw) (1 + δw)) (D15)

+ψ̂
w

t

(
δw(1 + δw)−

2

β

)
− 2(1− δw) (1− δwβ)

(δwβ)

(m̂rst − ŵt + µ̂wt )

(1 + φwµ̄wσ̄w)

ŵt = ŵt−1 − ĝt + π̂wt − π̂pt (D16)

m̂rst =
1

η
L̂t −

σw

η

δw
1− δw

π̂wt +
σw

η

δw
1− δw

ψ̂
w

t + ŜLt − λ̂t (D17)

12.3 Supply Block

ψ̂
p

t = δpψ̂
p

t−1 + (1− δp)v̂
p
t−1 − ε̂π

∗

t (S1)

Etv̂
p
t+1 = v̂pt +

(1− δpβ)
2

(δpβ)
2

δp
1− δp

ψ̂
p

t −
(1− δpβ)

2

(δpβ)
2

δp
1− δp

π̂pt +
(1− δpβ)

2

(δpβ)
2

m̂ct + µ̂pt
(1 + φpµ̄pσ̄p)

(S2)

Etπ̂
p
t+1 = π̂pt

(
2

β
− δp

)
+ v̂pt ((1− δp) (1 + δp)) (S3)

+ψ̂
p

t

(
δp(1 + δp)−

2

β

)
− 2(1− δp) (1− δpβ)

(δpβ) (1 + φpµ̄pσ̄p)
(m̂ct + µ̂pt )

m̂ct = (1− α)ŵt + αr̂kt (S4)

L̂t = m̂ct − ŵt + Ŷt (S5)

k̂t = m̂ct − r̂kt + Ŷt (S6)
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12.4 Aggregate Relationships

ı̂t = θint
(
ı̂t−1 − ε̂π

∗

t

)
+ (1− θint + θπ)Et

(
π̂pt+3 + π̂pt+2 + π̂pt+1 + π̂pt

4

)
(A1)

+θyEt

(
Ŷt+3 − Ŷt−1

4

)
+

Ŝintt

4

r̂t = ı̂t −Etπ̂
p
t+1 (A2)

Ȳ Ŷt = C̄Ĉt + Ī Ît +GOV Ŝgovt (A3)

k̂t = K̂t−1 + ût − ĝt (A4)
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12.5 Shocks

12.5.1 Unit Roots

ĝt = ĝgrt + ĝiidt (U1)

ĝgrt = ρgĝ
gr
t−1 + ε̂grt (U2)

ĝiidt = ε̂iidt (U3)

π̂∗t = π̂∗t−1 + ε̂π
∗

t (U4)

12.5.2 Stationary

Ŝct = ρcŜct−1 + ε̂ct (X1)

ŜLt = ρLŜLt−1 + ε̂Lt (X2)

Ŝinvt = ρinvŜinvt−1 + ε̂invt (X3)

Ŝgovt = ρgovŜgovt−1 + ε̂govt (X4)

Ŝintt = ρintŜintt−1 + ε̂intt (X5)

σ̂t = ρσσ̂t−1 + ε̂σt (X6)

ξ̂t = ρξξ̂t−1 + ε̂ξt (X7)

µ̂pt = ε̂µ
p

(X8)

µ̂wt = ε̂µ
w

(X9)
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13 REPORTING VARIABLES

• Remember that the ˆ-variables are the ones that come from the computer code.

13.1 Real Variables - Growth Rates

• Real GDP Growth:

DOT_GDPt = lnYt − lnYt−1 = ln Y̌t − ln Y̌t−1 + ln gt = Ŷt − Ŷt−1 + ĝt + ln(ḡ)

• Real Consumption Growth:

DOT_Ct = lnCt − lnCt−1 = ln Čt − ln Čt−1 + ln gt = Ĉt − Ĉt−1 + ĝt + ln(ḡ)

• Real Investment Growth:

DOT_INVt = ln It − ln It−1 = ln Ǐt − ln Ǐt−1 + ln gt = Ît − Ît−1 + ĝt + ln(ḡ)

• Real Wage Growth:

DOT_Wt = lnwt − lnwt−1 = ln w̌t − ln w̌t−1 + ln gt = ŵt − ŵt−1 + ĝt + ln(ḡ)

13.2 Nominal Variables - Growth Rates

• Inflation Growth:

DOT_PAIt = ln(π
p
t )− ln(πp

t−1) = ln(π̌
p
t )− ln(π̌p

t−1) + ln
(
επ

∗

t

)
= π̂p

t − π̂p
t−1 + ε̂π

∗

t

• Nominal Interest Rate Growth:

DOT_INTt = ln(it)− ln(it−1) = ln(̌it)− ln(̌it−1) + ln
(
επ

∗

t

)
= ı̂t − ı̂t−1 + ε̂π

∗

t

13.3 Real Variables - Stationary

• Labor Supply:

NODOT_Lt = ln(Lt)− ln(L̄) = L̂
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